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PREFACE TO THE SECOND EDITION. 



II 



Though the general plan and arrangement of this 
edition of the Treatise on Statics are the same as in 
the former, in the details there will be fonnd, it is 
hoped, some important improvements. 

The fundamental proposition of the science, — the 
Parallelogram of Forces, — I have proved after Du- 
chayla's method, by reason of its simplicity ; bnt I 
think it necessary here to inform the reader that, as 
that method is inapplicable when the forces act upon 
a single particle of matter (as a particle of a fluid 
medium on the hypothesis of finite intervals) on ac- 
count of its assuming the transmissibility of the forces 
to other points than that on which they act, T have, 
in an Appendix, given the proof which in the first 
edition was given in the text. The same objection, 
(and for the same reason) lies against the proof of the 
parallelogram of forces from the properties of the lever. 
This method, though allowable in the infancy of the 
science, can never be exclusively adopted in a treatise 
which professes to take a more philosophical view of 
the subject"; for, were the transmissibility of force not 
'teue in fact, the law of the composition of forces acting 
on a point would still be true; it is evident therefore, 
that to make the truth of the former, an essential step 
in the proof of the latter is erroneous iu principle. 



IV PREFACE. 



In the former edition, forces were considered as 
acting in any directions in space ; a mode of treatment 
of the subject which necessarily rendered the inves- 
tigations useless to such readers as had not studied 
Geometry of Three Dimensions. In the present edi- 
tion this defect is remedied; and a chapter, in which 
the forces are supposed to act in a plane, is always 
made to precede the more general inyestigations. At 
the end of Chapter IV, several propositions are proved 
which have hitherto been used in Elementary Books 
without proof. 

The fifth Chapter contains a new (and it is hoped 
a satisfactory) and complete proof of the Principle of 
Virtual Velocities, and its Converse. The proof given 
by Lagrange in his Mecanique Anah/tique, page 22, 
et seq., though highly ingenious, I regard as a fallacy; 
and, if not fallacious, deficient in generality. 

In the last Chapter, I have endeavoured to set 
before the reader such problems as, vnthout involving 
analytical difficulties, seemed best calculated to make 
him acquainted with the mode of applying all the 
most important principles of the science: and not un- 
frequently I have added remarks upon important steps 
with the view of pressing them more particularly upon 
the reader's attention. 



St John's College, Cambridge. 
March 12, 1842. 
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STATICS. 



INTRODUCTION. 



DEFINITIONK AND PRELIMINARY NOTIONS. 

1. In the Science of Mechanics of which Statics 
,-.'ros a part, matter is considered as essentially possessing 
UBtenaion, figure and impenelrabiliij/. The least conceivable 
portion of matter is called a particle. 

2. We conceive of matter that it can exist either ia 
a state of rest, or motion. If then matter, once at rest, 
pass into a state of motion, the change, not being essential 
to the existence or nature of matter, is of necessity ascribed 
to some agent, which, as to its nature, is essentially inde- 
pendent of the matter influenced. Whether this agent re- 
side in the matter influenced, or in external objects, or in 
both, are questions which can only be answered after ex- 
perimental investigation. This agent is called force ; and 
it will be perceived from this statement, that a force is 
judged of entirely by the ejfecta which it produces: and 
hence, if in the same circumstances two forces produce 

^^qual ejects, we infer that the forces are equal. 

Hting 
^Bree, t 

^P The reason of its being necessary to make this an as- 
sumption is, that in our ignorance of the nature of force, 
we are compelled to judge of it by the change which it 
produces in the state of rest or motion of matter ; and it 
obvious, that we can no more judge that one 



3. It is assumed, that the effect of two equal forces 
in concert, is double the effect of one of them; 
, treble; and so on. 
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change is twice as great as another, than we can affirm 
that one candle is twice as bright, or one substance twice 
as sweet, or one noise twice as loud as another. 

4. A force is considered as having magnitude and di- 
rection, and a point of application. When these throe are 
known, the force is said to be known. From Art. C, it 
will be seen that, by the magnitude of a force, we mean 
the degree of motion which it is capable of producing in 
matter previously at rest ; and by the direction of a force, 
we mean the direction in which a particle of matter, under 
the influence of that force, would begin to move ; and by 
the point of application of a force, we mean that particular 
particle of a mass of matter on which the force immediately 
exerts its influence. 



5. If one particle of a rigid • mass of matter be acted 
upon by a force, it cannot obey the influence of the force 
without dragging with it the other matter with which it is 
connected; the motion therefore which it would receive, if 
free, is in some manner distributed among the whole mass 
of which it is a part. It is clear, therefore, that the sub- 
ject of which we are treating, naturally divides itself into 
two distinct parts, according as the forces act on a free 
particle, or on a rigid body. 

6. With respect to the motion of a particle of matter, 
we conceive that it consists in the particle's being found to 
occupy different parts of space at successive instants, or 
epochs of time; but with respect to the motion of a rigid 
body we conceive, 

(1) That as a whole it may occupy the same portion 
of space at successive epochs, while some of its parts indi- 
vidually occupy different parts of space in successive in- 
stants. 



L- We dcBnt 
nteltA together 



This is called rotatory motion. 



((2) That as a whole it may occupy difFerent parts of 
ce at successive epochs, without having at the same time 
rotatory motion. 
This ia called a motion of translation. 
he 
-J 
1 



(3) That both these kinds of motion may exist to- 
Kher in the same body. 

This is the most general kind of motion of which we 
can form a notion. 



7- From the preceeding articles it will be perceived 
that we have taken motion as the characteristic effect of 
force. It will now be necessary to shew, that there exists 
another effect (and that more convenient for our present 
purpose) which may be taken as the measure or character- 
istic of force. 

If any portion of matter (a stone for instance) be held 
in the hand, it will be found to exert a pressure; and if 
the hand be suddenly removed, will fall. In its fall it 
may be caught, but the hand will again feel a pressure. 
This experiment informs us, that that which is the cause 
of motion, is likewise the cause of pressure. While the 
stone is held at rest, its continual tendency to fall is evi- 
denced by the pressure which is exerted on the hand ; 
hence, in all cases where motion is prevented, there is 
pressure. But further, the latter part of the experiment 
teaches us that, in all cases where motion is retarded, there 
is pressure. If when the stone is at rest, the hand exert 
a greater pressure upwards than is necessary to prevent it 
from falling, the stone will begin to move upwards. Hence 
we learn that pressure attends the production as well as the 
prevention and the destruction of motion. Thus it appears 
that pressure produces the same results as we have taken 
to be the characteristic effects of force. We may therefore 
take pressure as the measure of force, because both press- 
ure and motion are effects of the same cause. 
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The Earth, in some unseen manner, exerts a press- 
ia a downwards direction upon all matter with which 
1—2 



we are acquainted. This pressure it is which occaSKNH 
the descent of falling bodies to [he ground, and causes all 
bodies lying on the ground to press against it. More ac^ 
curate experiments prove that every particle of matter, 
whether of metal, wood, earth, or of any other substance, 
is Bubject to this influence. And it can be shewn that the 
degree of this pressure exerted upon a given body never 
changes. Thus, let a spring AB have one end A firmly 
fixed in an immoveable block. Suspend a proposed sub- 
stance P from the other end B, then the spring will 
be bent in the manner represented in fig. 1, the point B 
taking a position &. If the experiment be again tried with 
the same body P after any interval of time, it will be 
found that the spring will be bent exactly as at first; 
thus shewing that the Earth exerts an unvarying pressure 
upon every body. 

If the experiment be tried with the same spring and 
substance P at a place in another latitude, or on a hill, 
or in a pit, the bending of the spring is not found to be 
the same as before : but at the same place no variation is 
ever observed in the result. 

9- We may easily find other substances P', P", P'" ... 
each of which being suspended from B will bend the spring 
exactly as P does. By suspending S, 3, 4,. ..of these bodies 
at a time, and marking the spaces through which the spring 
is bent in each case, we may form a graduated scale, by 
means of which we can ascertain exactly the degree of 
pressure which the Earth exerts upon any proposed body 
whatever, as compared with the pressure which it exerts 
upon P. If this be done, it is usual to call the pressure 
on P the unit of pressure; and the pressure which is ex- 
erted upon another body, if it be W times the pressure on 
P, is said to be equal to W. 

10. The pressure W which the Earth, exerts upon a 
body, when measured in the manner just described, is called 
the weight of the body. How great soever be the pressure 
which any other force exerts upon a body, we can always 
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find {hypotheticallj' at least) so many bodies P, P', P', P"'.. 
that the Earth shall exert upon them, taken all togethCT,' 
exactly as much pressure as the proposed force exerts upon 
the proposed body. Hence then, with the assumption in 
Art. 3, we perceive that every force may be measured, and 
therefore represented, by a weight. 

11. To avoid circumlocution, when a body is prevente 
by an obstacle from moving, it is usual to say that the ' 
body exerts a pressure upon the obstacle, and that the ob- 
stacle exerts an equal pressure upon the body in the con- 
trary direction. The fact however is, that the body is 
completely passive; and the reason why it remains in a 
state of rest is, that it is under the influence of two e<jual 
pressures exerted on it in opposite directions. By the same 
licence, if a body, under the influence of the Earth's ac- 
tion, be suspended by a string, it is often said that the 
string exerts a force or pressure upon the body ; the fact 
however in this case is, that the string by being attached 
to the body, becomes a part of the body ; and the whole 
remains in a state of rest, for the same reason as before. 
Hence it will be seen that, in the experiment destiribed in 
Art. 8, the spring exerts a force equal to that exerted by 
the Earth upon P, though in the contrary direction. And 
hence we say, when two bodies are pressed together, that 
they act and react upon each other with equal forces. 

12. It is sufficiently evident, that two equal pressures, 
acting in opposite directions upon the same point of a body, 
counteract each other : but it is conceivable that if several 
pressures be applied to a body, even though they be not 
two and two in opposite directions, nor all applied to the 
same point of the body, they may counteract each other. 
The science which teaches the relations necessarily existing 
between the magnitudes of forces, their directutns, and their 
points of application, when they exactly counteract each 

;her, is called Statics. 

13. If several forces acting upon a body counteract each ^ 
ither, the body is said to be in equilibritim : and the forces 

are said to balance each other. 
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14. If several forces acting upon a free particle do not 
balance each other, the particle will begin to move in some 
direction in a certain manner. It may be prevented from 
so moving by applying a proper force in the opposite direc- 
tion to that in which there is a tendency to motion. This 
new force exactly counteracts the whole system of forces: 
but it might be itself counteracted by a single force equal 
to itself and acting in a contrary direction. A single force 
satisfying these conditions would be exactly equivalent to 
the whole of the original system of forces ; and it is there- 
fore called their resultant. 

15. We thus learn that several forces, if they act upon 
a free particle, may be replaced by one force; and the con- 
verse is evidently true, viz., that one force may be replaced 
by a system of several forces. When one force is replaced 
by a system of several forces, they are called its components, 

16. By reference to Art. 6, we see that the motions 
which a rigid body may take are of two distinct kinds: and 
therefore the reasoning just stated respecting a free particle 
does not apply to rigid bodies. We shall hereafter shew 
that, corresponding to the three cases stated in the Article 
referred to, a system of forces acting on a rigid body may 
have 

(1) A resultant for rotation only, 

(2) A resultant for translation only, 

(3) Two resultants, one for the rotation and one for 
the translation. 

17. It is evident from the explanations above given, 
that a system of forces, acting on a free particle, cannot 
have more than one resultant: but we have just seen that 
the same is not necessarily true when they act on a rigid 
body. It is always true, however, that the same force may 
have diflTerent systems of components. 

18. If a particle, or a rigid body, be in equilibrium 
under the action of several forces, we may add to the 
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Iystem, or take away from it, any set of forces which 
lalance each other. 

This principle is called " the superposition of equili- 
brium," and we shall hereafter have frequent instances of 
its utility. 

19. It follows at once from this, that when a bodyJ 
is in equilibrium under the action of a system of forces, 
they may be all increased, or all diminished in any pro- 
portion, without affecting the equilibrium. 

20. It scarcely needs remarking, that if a set of forces 
balance each other, any one of them is equal to, and acts 
in an opposite direction to, the resultant of all the rest. 

21. It ia proved by experiment, that when a rigid 
body is in equilibrium, any point (of the body) in the line 
of the direction in which a force acts, may be taken for 
the point of application of the force, without affecting the 
equilibrium. 

22. If a system of unbalancing forces act upon the^l 
roe point of a rigid body, they will have the same 1 

iltant as if they acted upon a free particle. 
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ON F0BCE8 WHICH ACT IN ONE PLANE UPON A PABTICLB, OR UPOH 

THE SAME POINT OF A RIGID BODY. 



23. To find the resultant of several forces actingj in 
the same line, upon the same point of a rigid body. 

If all the forces act in the same direction along the line, 
they will produce the same effect as a single force equal to 
their sum. 

If some act in one direction and some in the opposite 
direction, then by the first case the resultant of each set 
will be equal to the sum of the forces of which it is com- 
posed : and these two resultants^ acting in opposite directions, 
will be equivalent to a single resultant equal ta their dif- 
ference. Hence then whether the original forces act in the 
same or in opposite directions, their resultant is equal to their 
algebraic sum. 

In forming this sum, we are to account those forces posi- 
tive which act in one direction, and those negative which act in 
the opposite direction ; and the algebraic sign of the sum so 
formed will shew in what direction the resultant acts. 

24. Cob. If a number of forces act in the same line 
upon the same point of a rigid body, they will be in equi- 
librium when their algebraic sum is equal to zero, for in 
that case their resultant vanishes, and they produce no effect. 
Hence the condition of equilibrium of any number of forces 
acting in the same line and upon the same point of a rigid 
body is that their sum shall be equal to zero, 

25. Def. Lines are said to represent forces in mag- 
nitude and direction, when they are drawn parallel to the 
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Erections in which the forces act, and have their lengths pro- 
vtional to the magnitudes of the forces. 

If from a pvint two lines be drawn representing 
two forces which act upon a point; and if upon these lines 
a parallehgram be constituted, the diagonal drawn from 
the same point will represent the resultant of the two 
, forces. This property is usually cited as "the parallelogram 
of forces." 

We shall first prove that the diagonal represents the 
direction of the resultant force. This part of the proposi- 
tion is evidently true when the two given forces are equal; 
let us assume that p, q and r are three forces, such that 
this is true for p and g ; and also for p and r. At the point 
A apply p in the direction AB : and q, r, both in the direction 
AD. Take AB, AC, CD to represent the respective mag- 
nitudes of these forces. Complete the parallelograms, and 
draw the diagonals as in fig. 2. The resultant of p and q 
acts in the direction AE, by hypothesis; and we may by 
Art. 21, suppose it to act at E; and we may there resolve 
it into its original components p and q ; the latter acting 
in the line EF, and the former in the line CE produced ; 
this -we may suppose by Art. 21 to act at C, and the former at 
F; also the force r may be supposed to act at C. We have 
now two forces p, r aX C represented by the lines CE, CD ; 
their resultant by hypothesis acts in the line CF, and therefore 
we may suppose at F. The three forces p, q, r, which 
originally acted at A, are by this process reduced to forces 
acting at F. F is therefore in the line in which their re- 
sultant acts when they are applied at A, (Art. 21.) Now AD, 
AB, represent two forces q + r and p ; and we have just shewn 
that their resultant acts in the direction of the diagonal AF. 
If then our proposition be true for the two forces p, q; and 
also for the two forces p, r ; it Is also true for the forces 
p and q + r. Now it is true when p, q, r are all equal; 
and hence it is true for p and 2p : and because it is true 
for p, p ; and also for p, 2p ; therefore it is true for p, 3p ;... 
and by following the same mode of reasoning it is true for p 
and mp, m being any whole number. 
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Again, because it is true for mp and p, and also for mp 
and p; therefore it is true for mp and 2p; and as before 
for mp and np, n being an integer. Hence our proposition 
respecting the direction of the resultant is true for any two 
commensurable forces mp, np. 

If the proposed forces P, Q be incommensurable, by taking 
p extremely small and the integers m, n correspondingly large, 
we can make mp differ from P, and np from Q by less than 
any quantities which can be assigned ; and we may then use 
mp and np, instead of P and Q, without any sensible error ; 
and therefore the proposition is true of P and Q. 

We shall now prove that the diagonal represents the mag- 
nitude of the resultant force. 

Let AC, AB (fig. 3) represent the magnitudes and 
directions of two forces acting on a point. Complete the 
parallelogram : its diagonal AE represents the direction of 
the resultant; and it also represents its magnitude. For in 
EA produced take AF to represent its magnitude ; then AB, 
AC^ AF represent three forces which balance each other: 
wherefore completing the parallelogram AFGB, its diagonal 
AG represents the resultant of AF, AB, and is consequently 
in the same line with AC (Art. 20). Hence AGBE is a 
parallelogram, and therefore AE = GB = AF ; that is, AE 
represents the magnitude of the resultant of AB, AC. 

27. If three forces acting on a point are represented 
by the sides of a triangle taken in order, they will balance 
each other. And conversely ; If three lines, forming a tri- 
angle, be parallel to the directions of three forces which, 
acting on a point, balance each other, the sides of the triangle 
taken in order will repre^jsM the forces. 

For let AB, BE, EA (fig. 3) represent the forces P, Q, R 
which act on a point. Complete the parallelogram BC ; then 
because JC is drawn parallel and equal to BE, it also repre- 
sents the force Q. Hence the resultant of P and Q is repre- 
sented by AE ; which being equal, and in a contrary direction, 
to EA which represents R, there is equilibrium. 
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Conversely, let the three forces P, Q, R, acting on a 
point balance each other : and suppose ABE (fig. 4) to be 

the triangle whose sides are respectively parallel to the direc- 
tions in which P, Q, R act. Twoj at least, {AB, fl£ suppose) 
represent the directions of the corresponding forces; and we 
are at liberty to suppose that one of these (AB suppose) 
represents also the magnitude of its force P: if BE do not 
represent the magnitude of the other force Q, take BE' to 
represent it, and join AE'. Then (by the former case) P, Q 
and a force represented by E'A will balance each other. 
But P, Q, R balance each other; and therefore R is repre- 
sented by E'A both in magnitude and direction; which is 
impossible {because EA represents R in direction by hypo- 
thesis) unless £* coincide with E, Therefore E' does coincide 
with E, and therefore the forces are represented by AB, BE, 
.EA, which are the sides of the triangle taken in order. 

28. If three forces, acting upon a point, balance each 
other, their directions tie in a plane ; and their magnitudes 
are respectively proportional to the sine of the angle between 
the directions in which the other two act. 

Let the forces be P, Q, R (fig. 5) acting in the directions 
OA, OB, OC. In OA, OB, take points A, B, such that 
OA, OB represent the magnitudes as well as the directions 
of P, Q. Complete the parallelogram AOBD, and join OD. 
Then three forces represented by OA, AD, DO, acting on 
a point will balance each other (Art. 27) ; that is, P, Q 
and a force represented by DO balance each other ; but P, 
Q,, R balance each other ; therefore R is represented by DO : 

h and consequently DOC is a straight line, and OA, OB, OC 

Bjie in the same plane. Also 



R :: OA : AD ■ DO 

:: sin ODA : sin DOA 
:: dnDOB : sin AOC 



sin OAD 
sin PAD 
:: sin QOR : sin POR : sin POQ, 

P Q R 

. ■■■■-- = ^— w^v; = -: -^r- ■ Therefore, &c. 

sin QOR sm POR sin POQ 
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29. Two forces act upon the same point in directions 
at right angles to each other ^ to Jind their resultant. 
(fig. 5») 

Let the forces be JT, F acting upon the point O in the 
directions Oxy Oy. Take OJf, ON to represent the forces; 
compfete the rectangle OMPN^ and draw the diagonal OP. 
This line by Art. 26 represents the resultant of JT and F. 
Let R be the resultant, and the angle POM which its 
direction makes with the direction of the force JC, 

Now OP^OM^^MP', 

which determines the value of R : and then the equation 

^ MP Y 

determines the value of Q. 

30. CoE. If a force R be given and it be required 
to resolve it into two components acting in directions at 
right angles to each other, we must employ the equations 

J^«7?cos0, and F=ii sing, 

which are derived from the equations 

OM^OPcose, and MP=0P.sin9. 

31. Any number of forces act upon a point in given 
directions in a plane ; to find their resultant. 

Let jPi, -Fg* Fs'^.^Pn be the forces, and (see fig. of 
Art. 29) the point upon which they act. In the plane in 
which are the lines in which the forces act, draw any two 
lines Oa?, Oy at right angles to each other; and denote by 
«ij «2J Os^-'On the angles which the directions of Fi^ -Fj, 
Fs....Fn respectively make with .Oaf. 

Then the components of these forces are respectively 
-Ficosai, F2Cosa29 -Fscosas .......F^cosa^ 
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in the direction 0,v; and 

F,sina„ F.Mna,, F^sina, -P,""'". 

in the direction Oi/. 

Let us replace (see Art. 15) the original forces by these 
two sets of components. These components are respectively 
equivalent to two forces acting in the lines Oir, Oy {Art. S8), 
and being equal to 

f, cosai + fj cos (12+ ifaCaHaaH- ... + F, coaa„, 

and /"i sinai + F, sin at+ F^ sin 03+ ... + F, sina,. 

Let R be the resultant of tlie original forces, and sup- 
pose that 6 is the angle which the line in which it acts makes 
with Ox. Then since R is equivalent to the original forces, 
it is also equivalent to the two components of them which 
have just been found : hence 

Rcos6= F, cos Hi + /"a cos Qj + . . . + F^ cos a,, 

and Rsin 9 = Fi sin U) + F^ sin os + ... + F^ sin a,. 

From which two equations both R and 9 may be found. 

Remark. The sum of a number of quantities of the 
same form is often, for brevity, represented by prefixing the 
symbol S to a term representing the general form. Upon 
this principle the above equations may be written thus: 

.Bcosfl = 2(Fcosa), orS.Fcosa, 

and fl sin 9 = 2 (F sin a), or 2 . F sin a ; 

.-. R"=(^.Fcosaf+i^.F&inay, 

2 . F sin a 



and tan 6 = 



S.fci 



32. To Jind the conditions of equilibrium of a point 
acted on by forces in any directions in a plane. 

Let F„ Fi ... F„ be the forces; a,, 0^.. a, the angles 
which tbeir directions make with a line Ow; then, proceed- 
lang as in the last article, we have the equations there found 
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for the determination of their resultant. But because they 
balance each other by hypothesis, they have no resultant, 
and therefore 

0= (S.Fco8a)'+ (S.Fsina)'. 

But as the right-hand member consists of two terms which, 
being squares, are essentially positive, their sum cannot be 
equal to unless each be separately equal to ; 

/. = 2 . -F cos a, and « S . F sin a. 

If the investigation in Art. SI be examined, it will be 
seen that the line Ow was taken in any direction in the 
plane of the forces ; and hence we may state the significa- 
tion of the two equations just found, as follows. 

If any number of forces act upon a point, that there 
may be equilibrium, the sums of the components of the 
forces parallel to any two lines, at right angles to each 
other, in the plane of the forces must be separately equal 
to zero. The converse is evidently true also. 

No other condition is necessary for equilibrium, for if 
2 . Fcosa = 0, and 2 . Fsin a = 0, it follows inevitably that 
J2 s 0, and therefore there is equilibrium. 




ON FOBCES ^ 
POINT 



33. If three forces acting upon the same point be 
respectively represented by the three edges of a parallelo- 
piped which meet, the diagonal of the parallelopiped drawn 
from that poijit to the opposite comer will represent their 
resultant. 

For let OA, OB, OC (fig. C) be the edges which repre- 
sent the three forces, and OE the diagonal of the parallelo- 
piped : draw OD, CE. 

Then because OA, OB represent two forces, OD repre- 
sents a force which is equivalent to them both (Art. 26) : 
hence the three forces represented by OA, OB, OC are 
equivalent to the two represented by OD, OC, which again 
are equivalent to the single force represented by OE, for 
CD is s parallelogram. 



31. Three forces act upon a point in directions which 
are at right angles to each other ; to find their resultant. 

Let X, Y, Z be the forces, acting upon the point 
(fig. 7) in the lines Ox, Oy, Oz which make right angles 
¥0Z, XOr, ZOX with each other. From set off Oi, 
03f, ON to represent the forces. Complete the parallelo- 
grams OMQJL, OQPN, and join OP ; this line, by the last 
Art., represents the resultant required. 

Let R denote the resultant, and a, ^, y the angles POar, 
KPOify POz which its direction makes with the directions of 
Etbe given forces. 
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Then because ON = OP . cos y ; 

.'. Z = Rcosy \ 
Similarly F = i? cos /3 > - • (A) ; 
and X = R cos a ) 

.-. ^* + F* + Z* = R= (co8*a + cos*/? + cos«7) 

^ /OL* OM^ QAr» \ 

OP" 

This equation gives the value of R^ and then the three 
equations marked (A) give the angles a, )3, ^y, which fix the 
line in which R acts. 

Remabk. The reader will observe that 

cos'a + cos')3 + cos^Y = 1. 

35. CoE. If a force R be given, and it be required 
to resolve it into three components, whose directions are at 
right angles to each other, we must employ the equations 
marked (A). 

36. Any ntunber of forces act in given directions upon 
a point ; tojind their resultant. 

Let O (fig. 7) be the point upon which the given forces 
Fi , /\ , Fz ... F^ Bci\ from O draw three lines OtT, Oy, 0%, 
arbitrarily taken, at right angles to each other; and denote 
by tti /3, 7i , oj jSj 72 , as ^3 73 — tt« /S, 7, , the angles which 
the directions of the forces make with these three fixed 
lines. 

The respective components of the given forces are 

Fi cos ay , F^ cos a%9 ... ^« cos a, , 

in the direction Oa?; 
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F,co3/3,, F.coa/B^, ...F.cosfi,, 
in the direction Oy, and 

F,cosy, , /'jcos^j, ... F^coB-y,, 

in the direction Ost. 

Replace now the original forces by these three sets of 
components; each set is reduced to one force by Art. 33; 
and we then have three forces 

S.Fcosa, 2.FCOS/3, 2.FC0S7, 
acting in the lines Ox, Oy, Oz. 

Let R be the resultant required, and a, fi', 7' the angles 
which the line in which it acts makes with O-v, Oy, Ox. 
Then since it is equivalent to the original forces, it is also 
equivalent to the three components of them which have just 
been found ; hence 

K cos a' = S . F cos a 1 

flcos/B'=S.Fcos/3 ! — (A); 

Kcosy = 2.PCOS7 t 

.-. fl' = (2. Fcosaf + (2./'cos/3)= + (S.fcos7)°. 

This equation gives the value of li; and then the equa- 
dons (A) will give a, fi', 7', which fix the direction in which 
R acts. 

37- To find the equations of the line in which the 
ifeaultant acta. 

Suppose OP (fig. 7) the line in which the resultant 
acts ; and let x, y, « be the co-ordinates of any point P in it. 

Then if OP be taken to represent R, the co-ordinates 
.will represent the components, and therefore by Art. 25, 
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Jf the point at which the forces act be not the origin 
of co-ordinates, let its co-ordinates be a, by c; then since 
the line whose equations are required passes through this 
point, 

07 — a y "b z ^c 

2.Fcosa 2.jPcbs)3 2.-FCOS7 

are the equations of it in this case. 

38. To find the conditions that the system of forces 
in Art. S6 may balance each other. 

It is evident that there cannot be equilibrium among the 

forces jP,, jPgi ^3 -F«> unless their resultant be evanescent, 

and therefore we must have 

= (2. J^cosa)*+ (2. Fcos /3)*+ (2 . FcosyY, 

which for a reason similar to that assigned in Art. 32 resolves 
itself into the three independent conditions 

= 2 . -F cos a, = 2 . jP cos /3, = 2 . jP cos 7 . 

Or, in words, (remembering that the positions of Owy Oy^ 
Oz were arbitrarily chosen) the sum of the components of 
the given forces parallel respectively to any three lines at 
right angles to each other must separately be equal to zero. 
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I ONE PLANE HIIT NOT UPON THE 1 
' OF A RIGID BODY. 



THE TilEORV OF COUPLES. 

39. Remark. It has bei^n stated in Art. 31, that the 
effect of a force is not altered "by supposing it to be trans- 
ferred from one point of the body in the line of the direction 
of its action to another : from this it follows that if the 
directions of the forces which act at different points of a 
rigid body, all pass through a point, we may fictitiously 
transfer them to that point, and then by the preceding 
Chapters find their resultant, which in its turn we may 
transfer to any convenient point of the rigid body which 
happens to lie in the line of its direction. It is obvious, that 
when any two forces in the same plane act upon a rigid 
body at different points, their directions unless parallel being 
produced will meet, and therefore after the statement just 
made it will not be necessary to include the consideration of 
non-parallel forces in the present Chapter, we shall therefore 
begin with the following. 



Tv'o forces act in parallel directions upon different 
Inta of a rigid body, to Jind their resultant. 



¥ 



Case 1. Let F, 
uppose them to act 



-" be the two forces, and let us, first, 
the same direction. 



Let A, B (fig. 8) be any two points of the rigid body 
in the lines of direction of the respective forces: join A, B; 
at these points in opposite directions along the line AB apply 
any two equal forces /, f. These being in equilibrium 

tluce no effect. 
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Now F and / (by Art. 26) and F' and f will have re- 
sultants (m, n suppose) acting in certain directions Am^ Bn 
within the angles FAf, and F'Bf: these lines being produced 
will meet in some point P to which let m, n be transferred : 
and let them there be resolved into their original components ; 
viz., m into /, and F acting at P in the directions Pf and 
PR\ (PR being drawn parallel to AF)% and n into f and 
F" acting at P in the directions Pf and PR^ which is also 
parallel to BF. The forces / and f 2X P being in equi- 
librium may be removed, and there remain the original forces 
jP, F* both acting at P along the line PR parallel to their 
direction at A and B. Hence the resultant of F and F 
is a force, equal to their sum F + F\ acting at any point 
in the line PR ; the position of which we find as follows. 

Let PR cut AB in Q. Then because m is the resultant 
of F and /, a force equal to m applied at A in the direction 
AP would keep the two forces jP, / in equilibrium ; and 
the three being parallel to the sides of the triangle APQ, 
taken in order, are proportional to those sides (Art. 27). 



.-. F 

Similarly f 



.-. F 



f i: PQ . AQ 
Fv. BQ : PQ 



F:: BQ : AQ; r f^f. 



Consequently Q divides AB into two parts which are in- 
versely proportional to the forces adjacent to which they lie. 

41. Case 2. Let us now suppose the two forces /', F 
to act in contrary directions, as in fig. 9, and that they are 
unequal, F being the greater. 

The forces / and f being introduced as before, we re- 
mark that since F is greater than F' the directions of the 
forces m and / will make a greater angle with each other, 
than the angle which is contained between the directions of 
n and f; that is, the LfAm is greater than LfBn^ or 
ABP, Consequently the lines nJ5, Am being produced 
will meet on the side towards the greater force jP, as is 
represented in the figure. From this point proceeding as 
in the former case we find the forces F^ F\ preserving their 
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proper directions, may he removed to the point P. Hence 
their resultant R is equal to J'- F', the algebraic sum of 
the forces, and acts in the direction of the greater force. 
The word svm is used in the statement of this result, be- 
cause F being assumed positive, F" acting in the contrary- 
direction must be accounted a negative force. (See Art. 23). 

The position of the point Q is found as before from the 



proportion 



F ■ r :: BQ: JQ, 



and it is to be noticed particularly that Q lies in BA pro- 
duced; and is situated nearer to A, (the point of applica- 
tion of the greater force), than to B. 

42, Case 3, Let «s lastly suppose the two forces I", f ■ 
acting in contrary directions, to he equal. 

In this case the angles f J m, ABP are equal; and d 
sequcntly the lines Am, nB are parallel, and there is no 
point of concourse. It would appear then, that the former 
mode of finding the resultant of F and F' fails entirely in 
this case. The present case may, however, be considered 
the ultimate state of Case 2, at which we arrive by sup- 
posing the magnitude of F" to approach continually nearer 
to that of F, until at length their difference becomes leas 
than any assignable quantity. Let us then reconsider Case 2. 
We have found 

P 

^H Hence, we see that as F increases, the point Q moves 
^Continually farther from B, and B(i becomes infinite in the 
ultimate state; and at the same time the resultant R di- 
minishes in such a manner that the product R . BQ never 
changes, and becomes zero in the limit. Hence, in the ulti- 
mate state, that is, when F' differs from F by less than 



and F : 



AQ; 



BQ = 



or R.BQ= F.AB. 
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any assignable quantity, we have a resultant zero acting at 
a point infinitely distant from A or Bi yet even then the 
product R.BQ remains finite, which apart from any other 
consideration would induce us to conjecture, that some finite 
effect is due to the action of J^ and F' in this case, al- 
though not such an one as can he represented by a single force. 

Upon these grounds we conclude, that a system of two 
equal forces acting in contrary directions on different points 
of a rigid body is not reducible to a single resultant, 

43. Defs. Such a system of forces is denominated 
A COUPLE. A plane which passes through the two lines in 
which the forces of a couple act, is called the plane of the 
couple. 

When the line AB (fig. 9) is drawn at right angles to 
the directions of the forces of the couple, it is called the 
t of the couple ; and the product F . AB is then called 
the moment of the couple. 

44. Remark. It is obvious from an examination of 
. 9, that one effect of a pair of forces, acting in contrary 

directions at different points of a rigid body, whether they 
be equal or unequal, is the communication of a rotatory 
motion (see Art. 6} to the body on which they act ; what 
other effect they would produce is not so obvious, nor 
indeed does it belong to us, in treating of the present subject, 
to consider what is the effect of unbalanced forces in any 
case. For the satisfaction of the reader, however, and for 
convenience in what follows, it may be stated, that it is 
proved in Dynamics, that the sole effect of a couple is to 
communicate an angular motion about an axis perpendicular 
to the plane of the couple, the axis passing through a , 
certain point in the body, called the centre of gravity. 

45. Def. If the forces of the couple act so as to tend 
to turn the body round in the direction of the hands of a 
watch, it IB called a right-handed couple, and more fre- 

. 9, the forces 
the 



quently a positive couple ; but if, 
act so as to turn the body 



>uple 



; styled left-handed. 



I the contrary direction, 
negatioe. 



These terms, to prevent confusion, will be useil in this 
book as here defined ^ but the reader will observe that, in 
Statics as in Algebra, the terms positive and negative are 
only relative, and may be applied, at discretion, to any 
two forces acting in contrary directions, or to any two 
couples which tend to communicate opposite angular mo- 
tions to the body on which tbey act. 

46. The reflecting reader will have remarked that a 
couple, though positive when viewed by a spectator looking 
at it from one position, appears negative to a spectator 
looking at it from a position on the other side of its plane. 
A couple is therefore positive or negative, according to the 
situation of the spectator, with respect to its plane. It 
will prevent confusion, if we call that face of the couple's 
plane the positive face, upon which the spectator looks 
when the couple appears to him to be positive: the other 
face of the plane must then be considered negative. 

4i7- Defb. a straight line, in length proportional to 
the moment of a couple, being drawn perpendicular ■ to the 
plane of the couple, is called " the awis of the couple."" 

And it is said to be the positive, or the ?tegative axis, 
according as the perpendicular stands on the positive, or 
on the negative face of the couple's plane. 

If the axis of a couple is mentioned without it being 
stated whether it is positive or negative, we are to under- 
stand that the positive axis is alluded to. 

[l 48. The effect of a couple is not altered by turning 

K^ife arm through any angle in the plane of the couple. 

*• Let F and F" be the equal forces of a couple actiog 

at two points in the lines FA, FB {fig. 10), and having 
the arm AB. From A, any point in the line in which F 
acts, draw Aff=AB\ and at A, B' in the plane of the 
couple F, F\ and in directions at right angles to AB' 
apply two pairs of opposite forces /, g ; /', g', each force 

rial to F. These being in eciuilibrium, 
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Let ^ g cut PB in the point C, and join AC. Then 
because ABBA'S, and AC is common to the triangles 
ABC, AB'C, and the lB^lB', therefore AC bisects the 
angles BCB', BAB': hence the resultant of the two equal 
forces F, g lies in AC produced; and that of the equal 
forces F, g lies in CA produced. But, because AF is 
parallel to CF' and Ag parallel to Cg, therefore the 
^FAg= iF'Cg'; and consequently the resultant of the 
forces F", g' is equal to that of the forces F, g: we have 
just proved also that they act in opposite directions; there- 
fore, the four forces F, g, /", g' balance each other, and 
may be removed. 

There is then left only the couple /, f, which is the 
same as if the arm of the original couple had been turned 
through the iBAB'. 

49. The effect nf a couple is not altered by removal 
it to any other part of the rigid body, provided its n«» 
plane be parallel to its original plane, (fig, II.) 

Let F, F" he a couple acting upon a rigid body in 
the plane HH; let AB be its arm. Let KK be any 
other plane, in the rigid body, parallel to /f/f; and in 
this plane draw the line ah, parallel and equal to AB. 
At a and b apply pairs of opposite forces f, g; _/", g'r 
each force being equal and parallel to the farces F, F. 
These pairs of forces balance each other, and therefore pro- 
duce no effect. Draw Ab, Ba; they, being in the plane 
which contains AB and ab, necessarily intersect in some 
point C. In fact, if A, a, and B, b were joined, AaBb 
would be a parallelogram, and therefore Ab, Bn, being its 
diagonals, bisect each other in C. Draw PCQ. parallel to 
AF. 

Then F : g' :. bC : AC 

Hence F and g' (by Art. 40) have a resultant F + ^, 
which acta at C in the line CP- Similarly it may be 
shewn, that F' and g have a resultant, F'+g acting at C 
in the line CQ. Now F+g'^F'+g and CP is opposite to 
CQ, therefore the four forces F, g', F", g balance each 
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Other, and may be removed. There remains then only the 
couple /, /", whith is the same as if the original couple 
had been removed into the nt-w plane KK, retaining its 
arm ab parallel to AB\ but we may now turn the arm ah 
through any angle without altering the effect of the couple. 
Hence the effect of a couple, Etc. 

50. The effect of a couple is not altered by removing 
it to any other part of the rigid body in its own plane. 

The demonstration in the last Article will serve for 
tJiis, using fig. 12 instead of fig. 11. 

51. J couple may be changed for any other couple 
acting upon the same rigid body, provided the moments 
of the two couples be equal, their planes parallel, and 
they be both of the same kind, i. e. both positive or both 

negative. 

Let HH (fig. 11) be the plane of the couple F, F"; 
and in any other plane KK of the rigid body draw, pa- 
rallel to jIB, a line ab of any proposed length : at a, £ 
apply pairs of equal and opposite forces f gi ft g'i ot 
such magnitude that 

F.AB^f.ah, 

these balance each other, and therefore produce 

Now JB and ab being parallel, the lines Ah, Ba liel 
in one plane, and intersect in some point C : and because I 
^B is parallel to a.b, the iCAB^zCba, and the iCBaI 
= /.Cab; consequently the two triangles ACB, bca are! 
similar. 

Now F : g :: nb : AB 



Cb: CA; 



itherefore, by Art. 40, the resultant F+g of the two forces ' 

F, g acts at C in the direction CP. In a similar way it 

may be shewn that F-^g, the resultant of F, g, acts at C 

,Ui the direction CQ. Now F-F" and g=g, and therefore 

~!+^ = F'+g ; conberiucntly the four forces F, g', F, g are 
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in equilibrium, and may be removed ; which being done, 
the original couple is replaced by tlie equivalent couple 
/, /' whose arm is ab. This couple /, / may now be 
urned through any angle in the plane KK, and thus the 
proposition is established. 



62. Ani/ number of couples act upon a rigid body in 
parallel planes; to Jind their resultant. 

Change all the couples into others of the same mo- 
ment, but all having their arms of the length b. Then if 
/",, F^, F.i...F„ be the forces; and n,, a^, a,.. .a, the arras 
the original couples; and Pi, P^, Ps..,P„ the forces of 
the corresponding equivalent couples, we shall have 

P,.b=F,.a, P^b = F^ai,,.,P^b = F„a^. 

Now since the new couples act in parallel planes and 
have equal arms, they may be removed into the same plane, 
and then turned round and transposed so as to make all 
their equal arms exactly coincide; in which position the 
system of couples is reduced to one couple, the arm of 
which is b, and the forces of which are equal to 
P, + P, + P.,+ ... + P,. 
Hence the moment of the resultant couple 

= (i', + P2 + P3+... + P.)-6 

=- F,a, + P,a» + J'sOj-i- .„ + P„o, 

= the sum of the moments of the original couples. 

Whence, the axis of the resultant couple is equal to 
the sum of the axes of the original couples. The reader 
will he careful to remark, that if any of the couples are 
of a negative character, their moments are to be accounted 
negative in taking this sum. 

53. CoR. If all the n couples be equal, the moment 
of their resultant couple is n times the moment of one of 
them: and as the effect of h equal couples must be ji 
times ihe effect of one of them, it follows that the moment 
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8 couple is a proper measure of its effect in producing 
destroying equilibrium. Whenever, therefore, we have 
asion to speak of the magnitude of a couple, we shall 
do so by stating its moment; thus, the couple G will 
signify the couple whose moment is G. It will lead to 
no inconvenience that the magnitude of the forces which 
compose the couple are not stated, seeing that the effects 
of all couples of equal moments acting in the same plane, 
whatever be the magnitudes and directions of their forces, 
are the same. It will also be observed, that it is not 
necessary to state the precise plane in which a couple is 
situated; it will be sufficient to know the length of its 
axis, and the position of some line to which its axis is 
parallel. 

54, It will be observed, that all equivalent couples 
have their axes equal and parallel. 

55. If from a point two straight lines be drawn parallel 
and equal to the awes of two couples, and upon them a 
parallelogram be described, the diagonal drawn from the 
same point will be parallel and equal to the axis of the 
resultant couple. 

As the planes (HOA, HOB, suppose) of the couples are 
not parallel, let them intersect in the line HO (fig. 13). 
Change the couples into two equivalent couples having their 
forces FF", ff all equal ; place these new couples so that 
one extremity of their arms OA, OB shall be at O, and the 
forces F, / which act there, shall act in the line O/T, as in 
the figure. Complete the parallelogram OADB, and draw 
the diagonals OD, AB, bisecting each otlier in C. Then 
because F' and /' are equal and act in the same direction, 
they are equivalent to a resultant F' +f' acting at C (Art. 40), 
But such a force at C would likewise be the resultant 
of the same forces F", f acting at D, O. We may there- 
fore transpose F' to D, and f to O, which being done, 
ta /* at O balancing f, they may be removed ; and there 
Twill only remain F a.t O and F" at D, forming a couple 
laF, F' whose arm is OD, which is therefore the resultant 
l.of the two original couples. 
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Now the forces of the two component couples and of 
their resultant being equal, their axes which are proportional 
to their moments, are in this case proportional to their arms 
OJ9 OBy 0D\ we may therefore consiiler OAj OBy OD as 
being equal to the axes. If therefore from O in the plane 
OBJy we draw three lines respectively perpendicular and 
equal to 0-i, OBy ODy they will be tlie axes of the three 
couples, and will take the same position as if the parallelo- 
gram OADB were turned through a right angle about the 
fixed line OH. This figure OADB so turned is the paral- 
lelogram stated in the enunciation of the proposition to possess 
the property which we have just proved belongs to it. 

56. Two couples act upon a rigid body in planes 
which are at right angles to each other; to find their re- 
sultant. 

From any point O, draw OAy OB 
equal and parallel to the axes of the 
two couples. Complete the rectangle 
OACBy and draw its diagonal OC. OC 
is equal and parallel to the axis of the 
resultant couple. 

Let L, My G be the moments of the two component 
couples and of their resultant. 9 -COA the angle at which 
the axis of G is inclined to that of L. 

Then because OA « OC cos 0, and OB = OC sin ; 

.'. L ^ G cos 0y and M = G sin 0, 

from which we find 

G' = L* + JIT, 

and tan « -~ , 

which equations determine both the magnitude of the re- 
sultant couple, and the position of its axis. 

57. If it should be required to resolve a given couple 
whose moment is G into two components acting in planes 
at right angles to each other, we must use the equations 

L= Gcos0, i¥=Gsin0. 
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58. Any number of forces act in parallel directions in 
one plane at different points of a rigid body ; to Jind their 
resultant. 

Let Fi, F3...F, be the forces; from any point (fig. 14) 
of the rigid imdy, in the plane of the forces draw a line 
cutting their directions perpendicularly in the points J, 
B„.H; and put 

OA = .T„ OB = w^,...OH = a!,. 

At apply two opposite forces each equal and parallel to F, ; 
they do not affect the system. In the same way apply at 
O a pair of forces for each of the remaining forces F^, Fs...F^. 
By this means we have n forces acting at in the direction 
OR, respectively equal to F,, /";,, .../",; these are equiva- 
lent to a single force R acting at O in the direction OR, and 

« = /", + ?;+. ..F,-2.F. 

We have, besides, n couples whose arms are j;,, ,ra,..ai,, 
which are (by Art, 52) equivalent to a single couple R", R", 
whose moment 

= F,.r, + /',.»j+ ... *F,w, 

= 2 . Fj. 

Consequently the given system of forces are equivalent to 
a single force S.F acting at O in the direction Off; and 
a couple whose mornent is S.Ft. 

K.. 59. The result just obtained is perfectly general, but 
It admits of simplification except in the particular case when 
2 . F = 0. 

(1) In the particular case when S.F=0, there is no 
resultant force acting at O, and therefore the only resultant 
is the couple whose moment is 2 . Fx. 

(2) When 2.F is not =0, change the couple whose 
moment = 2. Fj; into an equivalent couple which has its 
forces equal to ff or 2 . F, and place it so that its arm OK 
(fig. U) shall coincide with the line OH^ 

B .-. (2.F).0A'=2.F,i; (Art. 50.) 
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By thia arrangement the force R at O h balanced by one 
of the forces of our new couple; and these being removed, 
there remains only the force R' = 'S..F at the point £ de- 
termined by the equation 



OK 



2.F 



Consequently, except when Y.F = 0, the resultant is a 
aingle force equal to 'S,.F acting at the point just found. 

60. Cob. If the line OH instead of cutting the direc- 
tions of the forces at right angles, should cut them in an 
Z a, we should have found that 



(1) When S.F=( 
moment is (2 . Far) sin a 



the resultant is . 
and 



luple whose 



(2) When 2.^ is not =0, the resultant is a single 
force 2- F acting at the point determined by ihe same equa- 
tion as before, viz. 

'2. Fa; 
2.F ■ 



0K = 



61, Any number of parallel forces act in one plane 
at different points of a rigid body ; to Jind the conditions 
that they may balance each other. 

Let the system of forces be that of Art. 58 ; then we 
have to consider the two cases pointed out in the last Article. 
In the second case the resultant is the force 2 . F acting at 
K; and there cannot be equilibrium unless this force vanish, 
or 2 . /" = 0. But if this be the case, the second case coincides 
with the first; and the resultant is a couple whose moment 
= 2 . Fw : there cannot be equilibrium therefore unless this 
couple also vanish. Consequently the conditions of equili- 
brium are 

2 . F = and 2 . F,r = ; 

these are both necessary and sufficient for equilibrium. They 
are necessary, for if the former only be satisfied, there will 
exist the couple of Case 1 : and if the latter only be 
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there will exist the resultant force acting at K in Case 2. 
And they are sufficii^nt, for they secure that there siiall 
exist neither the resultant of Case 1, nor that of Case S. 

62. Dbf. The products Fio;,, F^tv^ F^m. are called 

the moments of the forces f,, F.j, .--.f, about the point O; 
they are also called the moments of the same forces ahout 
an axis passing through O at right angles to the plane of 
the forces. 

Hence remembering that the point O was arbitrarily 
chosen, the conditions of equilibrium of parallel forces may 
be thus enunciated in words: — The algebraic sum of the 
forces, and the sum of the moments of the forces about any 
point in the plane of the forces or about any aans perpen- 
dicular to the plane of the forces, are each equal to zero. 

63. Suppose that there is in the plane of Ike forces 
ajiwed point, or in the body a jimed ams not parallel to the 
plane of the forces : to Jlnd the conditions of equilibrium. 

If there be a fixed point in the plane of the forces, let 
that point be taken for O; or if there be a fixed axis it 
will cut the plane of the forces in a point, which take for 
O ; then the investigations of Art. 58 applies here. The 
force 2 . F which acts at O, can produce no effect since it 
acts on an immoveable point ; it is not necessary therefore 
that S . F should be = 0. But the couple whose moment 
= 2 . Fw, if it exist, will turn the body about ; and there- 
fore that there may be equilibrium, it is necessary and suffi- 
^cient that 
r 2 . /•■■c = ; 

pr, in words, the sum of the moments of the forces about 
the fijoed point, or about that point where the fixed ams 
cuts the plane of the forces, must be equal to xero. 

64. Any number of forces act, in one plane, at dif- 
\t points of a rigid body : to find their resultant- 

Let /",, Fi,,..,.F„ be the forces, and in the plane in 
'hich they act, from a point O arbitrarily chosen, draw 
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aoy two lines Ox, Op at right angles to each other. To 
these lines as co-ordinate axes refer the given forces and 
their points of application, (fig. 15.) 

Let a], at a. be the inclinations of the lines in which 

the forces act to Ox; jr,yi, x^Pt^-... x^Pn the co-ordinates of 
the points of applicaticm of the forces; P being, that of 
F„ x^^OM, yy^PM. From the point O draw OQ per- 
pendicular to F, P; and at O apply two opposite forces 
F', F' each equal and parallel to Fj. By this means we 
have a force F acting at O, and a couple (FiF") whose 
moment is equal to - F, . OQ. Or we may say that the 
force F] may be transposed to O without altering its di- 
rection, if at the same time we also apply to the body a 
couple whose moment 

^-F,.OQ 

= - F, . {ON - QN) 

= - F, . {x^ cosMON - y, sin MPQ) 

= — F, . (df, sin ai - Pi cos ai) 

= (F, cos a,) . pi - (F, sin a,) . «i 

or = XiPi - FiJ?,, 

if we put X, F, for the components of Fi parallel to the 
co-ordinate axes Ox, Op, 

The same method being applied in succession to each 
one of the remaining forces of the system, we shall have trans- 
posed all the forces to O, each preserving its original direction ; 
but there will be acting on the body besides them a number of 
couples whose moments are 

If G be the resultant of the couples, and R the resultant 
of the forces at O, we shall have 

G^^(Xy- Yx) ....Art. 52, 



and fl'= {S./'cosa)-+(:L./'sina)=....Art. 31, 

„ SI' 

6 being the inclination of the line in which R acts to Oa;. 

65. The result just obtained is perfectly general, but 
it admits of a single resultant except when R = 0, i. e. ex- 
cept when 2X=0 and 2r=0. 

(1) When 2X = and 2K=0, there is no resultant 
acting at 0, and the only resultant is the couple whose 
moment = 2(Jrj — Fa?). 

(2) When the two equations 2^ = and 2F=.0 are 
not both satisfied, change the couple whose moment is 
2(jyy — F^) into an equivalent couple which has each of 
its forces R' R' equal to R, and place it so that one end 
of its arm OK (fig. I6") shall be at 0, and one of its 
forces (fl") exactly opposite to R. R and R" balance 
each other and may be removed ; and there remains only 
the force R' acting at the point T such that 

or.cos0 = OA'; 

.-. R.OT.cos9 = R.OA', 

or, since fl cos f) = SJT (Art. 31), and R . OK = ^{Xy - Yai), 

2(^i/-F^) 

Consequently in this case the resultant is a single force R 
acting at the point just found. 

66. When the forces are reducible to a single re- 
sultant, to Jind the equation of the line in which it acts. 

Let j;' y' be the co-ordinates of any point in the line 
R'K (fig. Itj) in which the resultant acts. Then because 
3 



this line pas 
to OR, make 



:es through the point T and, being parallel 
. an angle 9 with the axis Ow, its equation is 

y -0T= tan 6. a/, 
or 5'2A'-.ir'SK=^(^i/- r.i.'). 



67. -^nj/ number of farcee act in one plane at dif- 
ferent points of a rigid body ; to find the conditions that 
they may balance each other. 

Let the system of forces be that of Art. 6i, then we 
have to consider the two cases of Art. 65. In the second 
of these cases the resultant is the force R' (= R) acting at 
T; there cannot be equilibrium unless this force vanish, 
or j? = 0. But if this be case, the 2nd case coincides 
with the first; and the resultant is a couple whose moment 
= S {^y ~ Vf^) ; there cannot be equilibrium unless thia 
couple also vanish. Consequently the conditions of equili- 
brium are 

S^=o, sr=o, 2(A"j(- Kfl!) = o. 

These are both necessary and sufficient. 

By referring to Art. 6+ we perceive that Xj/_ — Yx^ is 
equal to the moment of F^ about the point 0, consequently 
2(^5 - Yx) equal the sum of the moments of all the forces 
about O. If then we remember that the point O, and the 
directions of the axes Ox, Oy, were arbitrarily chosen in 
the plane of the forces, we may enunciate the conditions 
of equilibrium as follows : 

The algebraic sums of the components of the forces 
parallel to any two lines at right angles to each other 
in the plane of the forces are each equal to xero ; and 
the sum of the moments of all the forces about any point 
in the plane of the forces, or about any aMs at right 
angles to the plane of the forces, is also equal to stero. 
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68. Suppose that there is in the plane of the forces 
a Jiwed points or perpendicular to the plane of the forces 
a juBcd awis ; to find the conditions of equilibrium. 

Let the fixed point, or the point where the fixed axis 
cuts the plane of the forces, be taken for the point O 
in the investigation of Art. 64. Then the force R which 
acts at can produce no efi^ect since it acts on an im- 
moveable point, it is not necessary then that R should be 
equal to zero. But the couple whose moment is 2(Jiry — Y^), 
if it exist, will turn the body about O, and therefore that 
there may be equilibrium it is necessary and sufficient that 

2(^y - Yw) = 0. 

It is only necessary therefore that the moment of the 
forces about the fixed point or axis should be equal to 
zero. 



o 



CHAPTER IV. 



OW FCmCES, NOT IN ONE PLANE, WHICH ACT UPON DIFFERENT 

POINTS OF A RIGID BODY. 



69' If tlie directions of the forces all pass through a 
point we may transfer them to that point, and find their 
resultant by Chapter I. or II. 

7^' I'^ t^c present Chapter we shall meet with couples 
of which the planes are not parallel. We can however always 
reduce them to other couples in the planes of rectangular 
co-ordinates. It is necessary therefore only to observe that 
when a couple acts in a co-ordinate plane, it will be con- 
sidered a positive couple when its axis stands on the positive 
side of that plane. Thus a positive couple 

in the plane yst has its axis coinciding with + OtV, 

jnz + Oy, 

xy + Oz. 

71. Parallel forces not in one plane act on different 
points of a rigid body ; to find their resultant. 

Take any point O (fig. 17) in the rigid body, from which 
draw 0% parallel to the direction of the proposed forces, 
which take for axis of z. Draw Oo?, Oy in any directions 
at right angles to each other and to Oz^ which take for the 
axes of w and y. Let Zj, Z2..,.Z„ be the forces; P the 
point where the line in which Zj acts cuts the plane asy, 
OM ■■ w^ , MP «= y^ the co-ordinates of P. Complete the paral- 
lelogram OMPN and join OP, At the point O apply two pairs 
of opposite forces Z\ Z" each equal and parallel to Z ; these 
do not affect the system. 



Now it has been ehewn in Art. 55, that when two equal 
brallel forces act in the same direction at the extremities of 
be of the diagonals of a parallelogram, they may be trans- 
sed to the extremities of the other diagonal. Let us on this 
ciple transpose Z, to AI, and Z' to A^. We have then, 
J force Z' acting at in the direction Osi, and two couples 
the planes wz, yx whose arms are OM, ON, the former 
fcDuple being negative. By this means we have transposed 
ne force Z, to 0, retaining its proper direction, and have 
ntroduced the couples -Z,a?i, + Z^y, in the planes wx, yis 
Mpectively. Proceeding in the same manner with the re- 
gaining forces Zj, Z3....Z,, we shall have instead of the 

original system, the forces Z,, Z„ Z„ acting in the line Ox, 

which (by Art. 23) have a resultant 

R = ^.Z (1); 

and, in the plane joz, a set of couples, which (by Art. 52) 
are equivalent to a single couple in that plane whose moment 

.-(St); 

and, in the plane ya, a set of couples which are equivalent to 
one whose moment 

= S(Zs). 

If G be the moment of the resultant of these two couples, 
and 9 the angle which its arm makes with Ow, we shall 
have from Art. 55, 



G.cos9=S(Z.r), and G. sin0 = 2(Zy) ; 

.-. G'=CL.Zj^y + cs..Zyy (a), 

andtane = |^ (3)- 



l„,„ . 

^^^ co-ordinates; and equations (2) (3) give the magnitude 
and position of the plane, of the resultant couple. 

72. We have determined the position of the arm of 
the resultant couple. That result supposes, as in Gg. 17, a 
negative force acting at that extremity of the arm which 
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is at O, and a positive force at the other extremity. It will 
sometimes be more convenient to know the position of the 
positive axis of the couple. Let a be the inclinations of 
this axis to the axis of w. Then 

2.Zy . . 2.i 

cos a « — r- — 9 and sm a « - 



G ' G 

In which equations G is to be accounted positive. 

73. The results obtained in Art. 71 are perfectly general, 
but they admit of reduction to a single force except when R 
or 2Z a 0. 

(1) When 2Z « 0, there is no force acting at O, and 
the only resultant is the couple whose moment is G» 

(2) When 2Z is not equal to zero, change the couple 
whose moment is G into an equivalent couple which has 
each of its forces R'R" equal to JS or 2Z; its arm will 

Q 

be equal to — ; place this couple as in fig. 18, so that one 

of its forces R" balances the resultant R. By this mode 
the whole are reduced to a single force R' ('^ 2Z) acting at 
a point P whose co-ordinates ce'y are known from the equation 

0?' = OP cos 0, and y - OP sin 9 
= — cos = — sin 

""^Z~ "~2Z"* 

These equations are free from ambiguity. 

74. To find the conditions that the system of forces 
in Art. 71 fnay balance each other. 

We must consider the two cases mentioned in the last 
Article. In the second of these cases the resultant is the 
force 2Z acting at a point whose co-ordinates are 

2.Za? ,2.Zy 

— rr=— 5 and ^„ . 

2Z ' 2Z 
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There can be uo equilibrium as long as this force exists; 
must therefore have !SZ = 0. But if this be the case 
l^nd case coincides with [he 6rst ; so tliat the resultant 
t a couple whose moment is G- There cannot be equilibrium 
Bierefore unless G = 0; an equation which is equivalent to 
E.Zj? = and 2.Zj/ = 0, Hence the conditions of equi- 
pbrium are 

IZ^O, Y.Zx = 0, 2.Zj/ = 0; 
ivhich are both necessary and sufficient. 

"JS. General definition of " the moment of a force about 
a line.'" 

If the direction of the force be perpendicular to the given 
line, the moment is equal to the product of the force into the 
length of a line which is perpendicular to both the force and 
the line about which the moment as required. If the direction 
of the force be not perpendicular to the given line, it must 
be resolved into two components, one perpendicular and the 
other parallel to the given line; the moment of the former 
will be found by the definition just given, and that of the 
latter will be zero. 

76, According to this definition Zj^, and Z,(B, are the 
moments of Z, about the axes of a? and y respectively; and 
hence we may state the conditions of equilibrium of parallel 
forces acting on a rigid body as follows : 

The sum of all the forces must be equal to xero ,■ attd the 
sums of their moments about any two lines at right angles 
to each other in a plane which is perpendicular to the 
direction of the forces must be respectively equal to ssero. 

77- To find the conditions of equilibrium of the forces 
in Art. 71, when there is in the body a fixed point; or a 
Jixed line at right angles to the direction of the forces. 

(1) When there is a fixed point. 

Let it be taken for the point O in Art. 71 ; then, as by 
this arrangement R acts upon an immoveable point, it is 
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not necessary that 2Z should be = ; but as the couple G 
would turn the body round it is necessary and sufficient 
for equilibrium that G = 0, or that 

2 (Za?) = 0, and 2 (Zy) = 0. 

That is ; the sum of the moments of the forces about 
any two lines drawn from the fixed point at right angles 
to each other, in a plane perpendicular to the direction of 
the forces, must be separately equal to xero. 

• 

(2) When there is a fixed line in the body. 

Let it be taken for the axis Oy in Art. 71? O being any 
point in it. 

Then since the force R acts upon a fixed point it is not 
necessary for equilibrium that it should be = 0. Also the 
couple G is equivalent to the two 2(Z<r), 2(Zy) : the latter 
of which being in the plane yz can be so placed that its forces 
shall both act upon points in the line Oy, which being im- 
moveable, it is not necessary that this couple should be equal 
to zero. The remaining couple 2 {Zoa) tends to turn the 
body about the fixed line Oy, so that there cannot be equi- 
librium as long as it exists. Wherefore the condition which 
in this case is necessary and sufficient for equilibrium is 

2 (Zcr) = 0, 

that is, the sum of the moments of all the forces about the 
fixed line must be equal to zero, 

78. To find the resultant of three couples which act 
in different planes, no two of which are parallel. 

From any point (fig. 6) draw three lines OJ, OB, OC 
to represent the axes of the couples, the moments of which 
are L, M, N ; complete the parallelopiped, and join OD, OE, 
Then the couple whose axis is OD is equivalent to L, M 
whose axes are OA, OB : and OE is the axis of a couple which 
is equivalent to OC, OD ; i. e. to the three couples L, M, N, 

79. To find the resultant of three couples L, M, N 
whose planes are muttmlly at right angles. 
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From any point O {fig. 7) take OL, OM, ON to represent 
the axes of the given couples. Then as before we may shew 
that OP represents the axis of the resultant couple G. Let 
a, /3, 7 be the angles POL, POM, PON between the axis 
of G and the axes of L, M, N. Then since 

OM=OPcosa, ON = OP cos ^, 0L'= OP cosy; 

.: L = Gcosa, Jf=Gcos/3, N=Gcosy, 

and .-. r-+JiP + N'^G\ 

From which the magnitude and position of the resultant 
couple are known. 

80. By means of the equations just given we may resolve 
a couple into three components acting in planes at right angles 
to each other. 

81. To Jind the resultants of any forces, acting on 
different points of a rigid body, in lines which ore neither 
parallel nor in one plane. 

Take any point of the rigid body as origin, and from it 
draw any three lines, perpendicular to each other for axes 
of co-ordinates. 

Let a^j jj /B|, .V2 yi !fs, ■■■ be the co-ordinates of the points 
at which the forces act ; resolve each force into three com- 
ponents parallel to Oir, Oy, Ox. 

Denote the components parallel to ai by X^, X^, X^... 

y by ¥,,¥^,¥3... 

ar by Z,, Z.„ Z^... 

Tbe resultants of the last set of forces we have already 
nnd (in Art. 71) to be 

a. force 2Z acting at in the line 0», 
a couple S(Zy) acting in the plane yx, 
and a couple -^(Z.r) acting in the plane .xx. 
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The forces Fj Fj Fj ... form a system of parallel forces, 
of which the resultants may be deduced from those of 
Zi Zj ^ ... by writing F, a?, « for Z, y, jt respectively : they 
are therefore equivalent to 

a force 2F acting at O in the line Oy, 

a couple '2(Yw) acting in the plane <v^, 

and a couple - 2 {Yx) acting in the plane zy. 

And in these, writing X^ %^ y for F, ^, ^ we find the 
forces X^^ X^^ ^3 ••• equivalent to 

a force ^X acting at in the line Oo?, 

a couple 2(-3rj8r) acting in the plane zoo^ 

and a couple - 2 (JTy) acting in the plane yoo. 

Collecting these results it appears that the original forces 
are equivalent to ^X^ 2F, 2Z acting at ; and the three 
couples 

2 (F^) - 2 {Xy) = 2 (Fcv - Xy) in the plane a?y, 

2 {Xz) — 2 (Za?) = 2 {Xz - Zx) in the plane zon^ 

and 2 (Zy) - 2 (F^) = 2 (Zy - FiJf) in the plane yz. 

Now if JS be the resultant of the forces acting at 0, 
and a, jS, ^y the angles which the line in which it acts 
makes with Ow^ Oy^ Oz\ and if G be the resultant of the 
couples, and a^ /3^ ^y' the angles which its axis makes with 
Ow^ Oy^ Ozj we have by Arts. 34, 79^ 

iZcosa = 2^, ifcos/3 = 2F, iZcos7 = 2Z, 
R^ = (2-^)^ + (2F)2 + (2Z)2 : 
and G cos a' = 2 (Zy - Fijr) = L suppose 

Gcos)3' = 2(^^- Za7) = if 

G co%y ^^{Yw - Xy) ^ N 
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These eight equations give both the magnitude and di- 
rection of the resultant force which acts at the origin of 
co-ordinates; and the magnitude and position of the axis of 
the resultant couple. These results are quite general, but 
we shall now shew that under certain conditions the original 
forces admit of a single resultant. 

82. Tojiiid the condition that the forces in Art. 81 may 
admit of a single resultant, and to Jind the magnitude and 
position of it- 

If G be = 0, no reduction is necessary ; but if not, 
change the couple G into an equivalent couple, whose forces 
R' R" are each equal to R; place this couple so that one 
of its forces (as R ) shall act at O, and if possible in a direc- 
tion opposite to if; in this case R and R' balance each other 
and may be removed ; there will then be left only the force 
R"t which is the same as if the force R had been transposed 
to R", and the couple taken away. It appears, then, that 
a couple and a force are reduced to a single force (where 
the problem is possible) by taking away the couple and trans- 
posing the force to some other point. The possibility of 
being able to do this, depends on its being possible to place 
the forces R and R' in the same line. The student will 
perceive that this can be done only when the force R acts 
in a line which is perpendicular to the axis of the couple 
G, the analytical condition of which is 

= cos a cos a + cos ^ cos /3' + cos y 

~ R ' G'^ R ' G'^ R ' G' 

Hence the conditions required are 

(1) R must not be = ; 

and (a) Either G or VLX -h M^Y + N1Z mu8t = 0. 

We have yet to find the line in which the resultant force 
R" acts, 

We have remarked above, that R" is the force R trans- 
posed without altering its magnitude or direction. If we 
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had begun the investigations of Art. 81 by taking a point 
in R" for the origin of co-ordinates, we should have found 
R" acting at that origin, and no resultant couple; that is, 
denoting the co-ordinates referred to this origin by ^", y\ z' 
\ire should have found 

and = 2(F,i?"-Jr/); 

these are in fact the conditions that ^the origin may be a point 
in the single resultant force. Let x\ y\ % be the co-ordinates 
of this origin referred to the original origin, ^p, y, z being the 
same as before ; then of* = w — a)\ y' ^y — y\ %" es z — z\ 
which being substituted in the above equations give 

y'2Z-;jf'2F=2(Zy- F;j?) = Z,, 

z 2X- a?'2Z = 2 {Xz - Z<2?) = il/, 

^'2F- y 2Jr = 2 (Yw - Xy) = N, 

x\ y\ z are the co-ordinates of any point in the line in which 
JS" acts. There being three equations between these quan- 
tities, it would seem as if there existed only a single point 
at which R" can be applied, which is contrary to Art. 21. 
If we multiply these equations by 2-<y, 2F, 2Z and add the 
results we shall find 

= Z,2X+J/2F+iV^2Z, 

which being satisfied by hypothesis, the three equations are 
not independent, but any one is derivable from the other 
two. Consequently any two of these are the equations of 
the line in which the single resultant acts. 

83. When the forces in Art. S\ do not admit of being 
reduced to a single force^ they can he reduced to a force and 
a couple the axis of which is parallel to the force. 

For let (f> be the angle between the axis of the couple 
G in Art. 81, and the force R, Resolve G into two com- 
ponents G cos ^, G sin (f> whose axes are respectively parallel 
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and perpendicular to K. The latter of these, being com- 
pounded with R as in the last Article, will be destroyed, 
and H will be transposed to some other point of the rigid 
body, without altering its direction ; it is therefore still 
parallel to the axis of the couple whose moment 

= G cos 

= G (cos a cos a + cos /3 cos (i' + cos y cos y) 

L^X + MS.Y + NIZ 



This appears to be the simplest form to which the forces 
in Art. 81 are in general reducible. They may however be 
presented in another simple form as in the following Article. 

84. The forces in Art. 81 can be reduced to ttva forces 
acting in two lines which in general do not meet; and to 
find the shortest distance between these lines. 

Let them be reduced as in the last Article to a force R 
and the couple Gcostp. 

Let Q (fig. 19) be the point at which R acts; and let 
the couple G cos ^ be placed so that one of its forces A' acts at 
Q, PQ being its arm. Then QR being parallel to the axis of 
the couple is perpendicular to QJCi hence if if be the resultant 
of R and K, and if/ be the angle HQK, the forces are now 
reduced to A' at P, and H at Q, such that 




G cos (p 
Hmny^f= R; 



Hcos\b - .. - 



^ P(r 

and tan \b = — . 

^ G cos 



Now PQ being at right angles both to QH and PK is 
^Aie minimum distance between them. It appears from the 
Pftbove equations that PQ is arbitrary ; but when it is of given 
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length then both K and H are known, and their relative 
position from the last equation. Q is known by the pre- 
ceding Article. 

85. To find the equations of the line in which R actSy 
and of the plane in which 6 acta^ in Art. 81. 

Since R passes through the origin its equations are 

/ / / 

w V % 



or 



cos a cos j3 cos y 

t t f 

_f_ ^^ «_ 



Again, we may suppose the plane of G to pass through the 
origin. And since a\ (i\ y are the angles which a perpen- 
dicular upon it makes with the co-ordinate axes, its equation is 

a/ cos a + y' cos )3' + x cos ^y' = ; 

.-. La/ + My+Nx =rO 

is the equation to the plane in which G acts. 

86. The conditions that the plane of G may be per- 
pendicular to the line in which R acts are ^z^^^ ■=—- = =r=. 
^ ^X 2F 2Z 

87. To find the equations of the line in which the 
resultant force acts when the resultant couple acts in a 
plane at right angles to it. (Art. 83). 

Let 0' be any point in the line in which the resultant 
acts in this case ; w\ y\ % its co-ordinates referred to the origin 
O used in Art. 81. If with the origin 0' we were to proceed 
as in Art. 81, we should find a resultant R acting at (/, 
and a couple G\ the plane of which would be found to be 
perpendicular to the direction of JS; and therefore 

S^X"" 2F"2Z' 

where Z', JIT, N* represent the quantities 

2(Zy"-Fi?f"), ^(X%"-Zw'% 2(F^"-.^y"), 



and at", y", x" are the co-ordinates of a point referred to the 
origin O': hence a.''= x — x', y"=y — y', s" = z — z\ as in 
Art. 82; 

. XiZ(y-y')-F(g-^')| S {^(^ - «') - 2(.^ ^ ^Q} 

S{r(.r-y)-^(y-ff')} 

or bringing *', y', ;i' outside of the symbol 2, and writing L, 
M, N for their equals, the equations required are 





,sz /, ,1.x SZ M 




""Sz^sz + sz- 



88. In Art. 83 we were able, by transposing R to de- 
stroy the couple G sin d). If afterwards we transpose R to 
some other point, wc shall thereby introduce a new couple, the 
axis of which being at right angles to the axis of the couple 
G cos tp would be compounded with it, and make a resultant 
couple greater than Gcas(p. Hence to whatever point R 
be transposed, the resultant will always be greater than in 
Art. 83. Consequently the resultant couple is a minimum 
when its axis is parallel to the resultant force. This is 
sometimes called the principal couple. 

89. Def. The line in which R acts when the resultant 
couple is a tninimum, is called the central aiHs. Its equa- 
tions are found above in Art. 87- 

90. If R be transposed from the central axis to a dis- 
tance a from it, a couple is thereby introduced whose arm 
is a and moment Ra; consequently the resultant couple for 
this position of R is ^/ R' a' + G' cos' ^, which is constant 
as long as a is constant. Hence if we construct a cylindrical 
surface having the central axis for its axis, the surface of 
this cylinder will be the locus of the origins, which will give 
equal resultant couples. 
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91. To Jind the cnnditions that the forces in Art, 81 
may balance each other when the body upon which they act 
is free. 

(1) Suppose the direction of R to be not parallel to 
the plane in which G acts; then since Ji and G cannot in 
this case be reduced to a single force, they must be sepa- 
rately equal to zero ; 

and = L"+ M'^+ N'^; 
which are equivalent to the six following: 



= M, 



^JV. 



(2) Suppose the direction of R to be parallel to the 
plane in which G acts; then R and G can be reduced to a 
single force, the effect of which reduction is to transpose 
R and destroy G. There can therefore be no equilibrium 
unless R = 0; it is necessary therefore that .ff should be =0. 
But if fl = 0, R and G cannot be reduced to a single force; 
that is, G cannot be destroyed by transposing B ^ it is there* 
fore also necessary that G should separ^ely be = 0. Hence 
the conditions of equilibrium are the same in this as the pre- 
ceding case ; and, observing that L, M, N are the moments 
of the forces about the lines 0*, Oy, Osx, we may thus state 
them in words : 

The sums of the resolved parts of the forces paratlei 
to any three lines at right angles to each other must be 
separately equal to ^ero. And, the sums of the moments 
of the forces about any three lines at right angles to each 
other, and passing through a point, must be separately 
equal to xero. 



92. To Jind the conditions that the forces in Art. 8t 
may balance each other, when one point of the rigid bodj/ 

is _fi,ved. 



Let this point be taken for the point in Art. SI. Then 
since by this arrangement R acts upon a fixed^ point, it is 
not necessary for equilibrium tliat R should vanish ; but 
as the couple G would turn the body about this point, it 
is necessary and sufiicient for equilibrium that G be=0; 
that is, that 

/, = 0, M = 0, A^ = 0. 

Or, in words. The sums of the moments of the forces, 
about any three lines at right angles to each other, pass- 
ing through the fixed point, must be separately equal to 



93. To find the conditions that the forces in Art, 81 
may balance each other when there is in the body a jiised 
axis. 

Let the fixed axis be taken as the axis of sr in Art. 81, 
and any point in it as the point ; then since R acts upon 
a fixed line it is not necessary for equilibrium that R should 
be equal to zero ; also the couples /,, M, acting in the planes 
yx, .vm, can be turned round and so placed that their forces 
shall all act upon the fixed line Ox ; but the eouple JV acting 
in the plane xy cannot be so placed, and therefore as long 
as it exists it will turn the body round the line Ox; con- 
sequently it is necessary and sufficient for equilibrium that 
JV=0; — or in words, 

^K The sum of the momenfn of the forces about the fixed 
^^f»a must be equal to sero. 

94'. If three forces acting upon a rigid body balance 
each other, the lines in which they act must be in one plane, 
and either he parallel or pass through a point. 

^^^ When a rigid body is in equilibrium, we may suppose 
^Vb^ line or point in it to become fixed without affecting the 
equilibrium: upon this principle let an axis, not parallel 
to any of the forces and intersecting the lines in which 
ttoo of the given forces act, become fixed ; then these two 
forces acting upon fixed points may be removed ; which 
being done the body having a fixed axis is kept in equi- 
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librium by the remaining force, which is impossible unless 
the line in ^hich this force acts either iotersect the fixed 
axis, or be parallel to it. But it is not parallel to it 
by hypothesis, therefore it intersects it. It appears then 
that any axis, not parallel to one of the forces, intersects 
the directions of all the forces, consequently they are all 
in one plane- Again, since they are all in one plane they 
must either be all parallel, or some two of them must lit- 
terseet ; in the latter case, the point of intersection may be 
supposed to become fixed, and the corresponding forces re- 
moved ; and then the rigid body having a fixed point U 
kept in equilibrium by a single force, which is impossiUe 
unless its direction pass through the fixed point; conse- 
quently, the directions of all the forces either axe paralH 
or pass through a point. 

95. In such of the preceding Articles as relate to the 
conditions of equilibrium of a rigid body under the action of 
a system of forces, the lines parallel to which the forces are 
to be resolved, or about which the moments are to be taken, 
and equated to zero, have been spoken of as necessarily 
perpendicular to each other. This necessity, however, has 
entirely arisen from the mode in which we have conducted 
our investigations; from our having, in fact, assumed the 
co-ordinate axes to be rectangular. We shall shew that 
it may be dispensed with; and that it is sufficient if the 
forces be resolved in directions of, and the moments taken 
about, any three lines providing no two of them are parallel, 
and all three not in the same plane. For this purpose it 
will be necessary to prove the following propositions. 

96. If from a point there be drawn three lines not in 
one plane, and the sums of the components, parallel to 
them, of all the forces be separately equal to zero ; and 
also the sums of the moments of all the forces about them 
be separately equal to zero ,■ there will be equilibrium. 

For from the proposed point, let there be drawn a system 
of three rectangular co-ordinate axes Ow, Oy, Ox: and let 
one of the proposed lines ninkc angles ^, , i;,, I^, with them. 



mponents of the forces in the 
S(Kco,„)+S(Zo»J,). 



*beii the sum of die 
Hrection of this line is 
2(Xco.f,)4 
iirbich ifl equal to 

2-^.cos^i + 2y.co9^, +2Z.cos^,: 
nd therefore hj hypothesis 

0= SA'.coa^, + Sr.coani + SZ.cos^ 

Or, if i? be the resultant of SX, XY, 2Z ; and a, fi, y the 

angles which its direction makes with the co-ordinate axes ; 

= ^ cos a . COB f I + fl cos /3 cos tjj+R cos 7 cos ^j 



Similarly, = i? cos b, 
and = R cos c ; 
where a, h, c are the angles which the direction of R make^ * 
with the three proposed lines. Now these three equations 
require either that S should be = 0, or that cos a, cos b, cos c 
should each be = i but this last supposition is impossible, 
because the given lines are not alt in one plane by hjpothesia; 
.-. ^ - 0. 

Again, the couples L, M, N have their axes parallel to Ow 
Oy, Ox respectively : hence resolving them each into two 
components, one of which has its axis parallel to the line 
fiv In ^1. and the other has its axis perpendicular to it, 
we have the sum of the former = L cos f 1 + M cos »j, + iV cos ^, , 
thisj being the couple which tends to turn the body about 
the line under consideration, is the moment of all the forces 
about that line, and therefore by hypothesis 
= I, cos f I + jtf cos ri,+N cos ^1 
= G . cos a COS f 1 + G COS /iJ' cos »j, + G cos y cob ?",,. 
= G cos o' . 



of G the resultant | 
pmjwsed lines. From' ] 
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these three equations it follows as before, that Cr » ; and 
we have already shewn that JS ^ o ; consequently there is 
equilibrium. 

97- Cor. If there be drawn three lines not in ooe 
plane, no two of which are parallel, and the sums of the 
components, parallel to them, of all the forces be equal to 
zero; then the resultant R is equal to zero. For the first 
part of the preceding demonstration applies here, since it 
does not depend upon the positions of the lines, but only 
on their directions. 

98. If there he three lines not in one plane^ no two 
of which are parallel, and the sums of the components 
parallel to them, of all the forces be separately equal to 
zero ; and if there be three lines {not necessarily the same 
as the former) not in one plane, no two of which are pa- 
rallel, and the sums of the moments of all the forces about 
them be separately equal to zero, there will be equilibrium. 

The demonstration contained in the former part of 
Art. 96, does not depend at all upon the three lines being 
drawn from a point as required in the proposition, and 
therefore it will apply here ; consequently JS = 0. From 
this it follows, that if our present system of forces be not 
in equilibrium, their resultant is a couple, G suppose. Let 
a\ h', c be the angles which the axis of G makes with 
the three lines mentioned in the latter part of our propo- 
sition ; then resolving G into two components, the axis of 
one being parallel, and that of the other perpendicular to 
the first of the three lines, we have the moment of all 
the forces about that line, (which is equal to the former 
component couple) 

= G cos a', 

which by hypothesis is equal to zero. Hence 

= G cos a. 

Similarly = G cos 6', 

and = G cos c. 

Consequently G = ; and we have already shewn that 
J? = ; therefore there is equilibrium. 



CHAPTER V. 



ON THB PRINaPLE I 



VELOCITIES. 



Def. If the parts of a rigid body, or of a. I 
^tem of rigid bodies, in equilibrium, be geometrically I 
insferred through a very small space in any manner, the J 
moved over by any particle is called, in Statics, the j 
locitp of that particle. 

The path described by any particle is supposed to be J 
small, that it may in every case be taken as a straightl 
e, on the principle that an arc of a curve ultimately co- I 
incides with its chord. 

The velocity of a point, estimated in the direction of 

the line in which the force acted upon the point when 

the body was in its position of equilibrium, is called the 
virtual velocity of the point. 



100. Having given the velocity of a point, to e&timatBf 
its velocity in any proposed direction. 

Let AB (fig. 20) be the velocity of a point, £F the j 
direction in which it is required to estimate it. Draw EG 
perpendicular to EF, Aa, Bb parallel to EF, and AC 
parallel to EG. Then every line perpendicular to EG in 
the plane FEG is parallel to, and therefore in the same 
direction as EF. Hence, to find the velocity in the 
direction EF, is the same as to find the space through 
which the point has receded from the line EG; which is fur- 
ther evident from the consideration, that a point can only 
recede from the line EG by increasing its distance from it, 
and every such increase arises from displacement parallel 
to, and therefore in the direction of EF. Now at A the ^ 
distance from EG is Aa, and at B the distance is 
consequently the velocity estimated in the direction EF i« J 
Aa=^ BC = AB cos ABC. 
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Hence we can estimate a velocity in a proposed di- 
rection, by multiplying the velocity into the cosine of the 
angle at which it is inclined to the proposed direction. 

101. From this it will be seen, that when a pardde, 
which is acted on by a force, is displaced, the virtual ve- 
locity of that particle will be found as follows ; — drop a 
perpendicular from the new position of the particle upon 
the line in which the force acted before displacement, and 
the line intercepted between the foot of this perpendi- 
cular and the first position of the point, is the virtual 
velocity required. Thus, in fig. 2i, let the force F act 
upon the point A, and let A be moved to ^'; draw ^d 
perpendicular to AF, then Aa is the virtual velocity of A. 
If A were moved to A' so that FAA" is a right angle, 
the virtual velocity A would be zero. If A were moved 
to A'" so that the perpendicular A"'a"' falls on FA pro- 
duced, the virtual velocity Aa" of A is said to be negative. 

102. If a rigid body be displaced, the velooUies tf 
any two of its particles, estimated in the direction of the 
Hne which joins them, are equal. 

Let A, B (fig. 22) be two particles, and let AA', Bff be 
their velocities. Then, because the body is rigid, A'S'^^AB. 
Through A draw a plane at right angles to AB, and upon 
it drop the perpendiculars A'a, B'b. It will be easily 
seen, that the estimated velocity of A is A'a; and that of 
B, B'b — BA; and we are to prove these equal. Join ab, 
and draw A'C parallel to it. The angles at C are right 
angles, and therefore 

Rb- 



.J'a + B'C- 


BA 


.A'a + A-ffc 


o,ASC-B^ 


- J'a - BA (1 


- cos A'BC) 


-A'a-IBA 


. ,A'BC 



But the las! term, containing the square of the 
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small quantity sin - as a factor, must be omitted in 

conformity with our definition in Art. 99- 

Hence B'h-BA = A'a. 

This proposition is true, if A, B be two particles of 
different bodies connected by a rigid rod, or inextensible 

string. 

103. If the reader should have any doubt respecting 
the propriety of omitting the last term, we would recom- 
mend him to reconsider the consequences of the definition 
in Art. 99, where it is stated that the displacement of 
every particle is so small, that curve lines may be con- 
sidered as coinciding with their chords; this requires us to 
consider the deflection of an arc from its tangent as evan- 
escent in comparison of the arc itself, which arc is the 
velocity with which we have to deal. Hence 

BA{\~<:osA'B'C), 

being the versed sine (or deflection from the tangent) of 
the arc which represents a quantity less than the velocity, 

fy be a fortiori neglected. 
104. If the displacements of the two points in Art. 103 
in parallel straight lines throiigli finite spaces, the pro- 
position will then also be aceurately true ; and our defi- 
nitions in Art, 99, and the property in Art. 100, will also 
strictly hold, how large soever be the spaces through which 
the particles are displaced. 

105. If the particles A^ B, in Art, J02, are urged by 
two equal forces T, T in opposite directions along the 
line AB, the virtual velocities ^s, S«' of A, B for those 
forces will be equal, but of contrary signs: and conse- 
quently the quantity TZs + T^s is equal to zero. Now 
if A, B be two particles of the same rigid body, (or of 
at bodies connected in such a manner by a rod 
{B that the distance between them does not 



3 
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change,) their influence upon each other is exerted along 
the line AB, and is called tension. This teosioii is the 
same for both, but acts upon them in opposite directions, 
viz., either to draw them towards each other, or to push 
them asunder. Hence it follows, that for the tensions 
acting between A and B^ TSs + T'la^ 0. The same maj 
be proved for any and every two points in a whole system 
of bodies, providing they are connected in such a manner, 
that the distance between the points of connection is not 
changed by the displacement. It is obvious, that the ten- 
sions we are now considering, occur in pairs. Hence it 
follows, that if the forces of tension throughout a whole 
system of bodies in equilibrium be respectively multiplied 
by the virtual velocities of the points on which those ten- 
sions are supposed to act^ the sum will be equal to zero. 

106. If a body rest against a smooth fixed point, 
there will be a pressure of the point against the body in 
the direction of a normal to the surface of the body. This 
pressure is one of the forces which keep the body in equi- 
librium. Let A (fig. 23) be the fixed point, PA the sur- 
face of the body resting against it, AR a normal at Ay and 
let the body be displaced without lifting it off the pointy 
so that A comes to some point A' suppose. Then the vir- 
tual velocity is A A' co^ R A A' = A A' ^m PA A' '^ but PAA' is 
an indefinitely small angle, and therefore AA' sin PAA is in- 
definitely smaller than AA ^ and may be neglected. Hence, 
if R be multiplied into its virtual velocity, the product 
may be neglected. 

107. If a body rest against a smooth fixed curve line 
or surface, there will be a pressure of the curve or sur- 
face against the body, in the direction of a normal at the 
point of contact. 

I^et PA (fig. 24) be the body resting against the curve 
line or surface Q,A ; and let the body, by sliding and 
rolling, come into the position PBA\ B being now the 
point of contact, and A' the new position of A, The vir- 
tual velocity of A^BA' sin ABA' which, for the same reason 
as before, may be neglected. 



^: 
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lOfJ. IF two smooth bodies of a system rest against 
each other, there will be a mutual pressure, which will 
act upon them at the point of contact in opposite directions, 
coinciding with the common normal at that point. If they 
are disturbed without being separated, the distance between 
their centres of curvature, at the point of contact, will re- 
main unchanged; and, therefore, the virtual velocities will 
be exactly equal, but of contrary signs for the two bodies. 
If, then, R, R' be the equal pressure exerted by each 
against the other, and ^r, Sr' the virtual velocities, 

RSr + R'^r'<=0. 

109. From the last three Articles, it appears that in 
any system of bodies kept in equilibrium by the action of 
external forces, and by tensions, reactions of smooth fixed 
obstacles, and mutual pressures of smooth bodies of the 
system, the sum of the products of each tension, reaction, 
and pressure, into the corresponding virtual velocity of 
the point on which it acts, is equal to zero. 

The student will remark, that the Articles referred to, 
are only true when the displacement of the system is so 
small as to agree with the definition of a velocity given in 
Art. 99: also, in the case of pressures, the surfaces must 
be smooth, and the contact must not be broken; and in the 
case of tensions, the connecting line must be of unaltered 
length. 



■ 



110, Let there be any number of connected bodies of 
tystent kept in equilibrium by the action of aetemal 
Jbrces, and also by the tensions of connecting rods, cords, 
(J-c, by the reactions of smooth Jlxed obstacles, and by mu~ 
tual pressure of smooth parts ; then, if each external farce 
be multiplied into the virtual velocity of the point on which 
it acts, the sum of all such products for the whole system 
is equal to zero. It is necessary (as the reader will see 
from the preceding Articles,) in geometricallv displacing the 
system, that no contacts be broken, and that rods and cords 
:main of the same length as in the equilibrium positino. i 
'his is the principle of virtual velocities. 
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If a particle of one of the bodies be acted on foy the 
external forces jFj, F2...Fp and by the tensions T,, rf..T,< 
and the reactions and pressures J?,, Rt...Ruy we may con- 
iider that point as free, and kept in equilibrium by the 
action of all these sets of forces. 

Let ai/3i7i, aifiiyM...apfipyp be the angles which the 
forces J*], F^.^.Fp make with the co-ordinate axes aiftjCiy 
OgftgCg ••• OgbgCf ; and OibiCi^ a8&2^2«**^vb«^v similar 
quantities for T,, T^^./T^ and £„£«...£.. 

Then, because the particle is in equilibrium under the 
action of these forces, therefore (Art. 38) 

- 2 (jFcosa) + 2 (Tcosa) + 2 (-Bcosa ), 

- 2(^cosj3) + 2(rco86) + 2(iRco86'), 

- 2(jFcos7) + 2(rcosc) + 2(Ucosc')- 

Let now the system be displaced, the velocity of the 
particle under consideration being Si$, and ^f|^ the angles 
which SS makes with the co-ordinate axes. Then, if Ssi be 
the virtual velocity for the force J'j, 

Fi^s^ « J'i(cosaiCosf + cos/3iCosj| + cos'yiCos^. 

Similar expressions are true for the other external forces 
which act on the point, and therefore 

2(F5«) = 2(Fcosa) . cosf + 2 (^cos/3) . cosii + 2 (FC0S7) . co6^. 

Similarly, if St^ and Sr^ be the virtual velocities cor- 
responding to 7*1 and Jt,, 

2(r50-2(Tcosa).cosf+2(rcos6).cosif + 2(rco6r).co6^, 

and 

2(JS^r) = 2(«coso').cosf +2(«cos6')cosj| + 2(«cosc').co6^. 

Hence, by adding the last three equations, we obtain 
2(Fc*) + 2(T^0 + 2(fi5r) = (l), 

m whidi the symbcd 2 extmds to all the flrarces, tensions^ 
and reactioDs whidi act upon the point under consid»atioB, 
but has no reference to the other particles of the systeaa. 
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We may form equations similar to (l) for every other 
point in the whole system upon which forces of any kind 
whatsoever act. If all these be added together, the t«Tns 
belonging to the tensions along the lines which join points 
of the same body, and also those which act along rods and 
cords connecting two points of separate bodies of the system; 
and likewise the reactions of fixed points, and surfaces, and 
the mutual pressures of two bodies of the system, will all 
disappear, by Art. 109, in forming the sum. But these, 
together with the external forces, are all the forces which act 
on the system; consequently, there remains only the equa- 
tion 

where 2' extends to all the points of the system upon 
which external forces act, S' and 2 together denote that 
the sum of the products of all the external forces which 
act upon all the points of the system into their respective 
virtual velocities is to be taken, and the equation shews 
that this sum is equal to zero ; which is the principle of 
virtual velocities. It is not necessary to employ both S 
and 2', if we suppose 2 to extend over the whole system, 
the equation may be written 

which is called the equation of Virtual Velocities. 






111. The great advantage of the equation of virtual 
w«]ocities consists in this, that it furnishes at once a re- 
lation among the external forces which act upon a system, 
free from tensions and pressures. Since t!ie bodies ate I 
rigid, and supposed to be connected by strings or rods of I 
unchangeable length, it is obvious that, in general, when 
one part is arbitrarily disturbed, the disturbance of the 
other parts will depend upon it by geometrical relations. 
In this case, Ssi being given, Ssg, ^«3..,will be determinable 
in terms of Ss, ; and these values being written in the 
equation 2(/'5«) = 0, will give only one relation among the 

Ce ^ j^juj ^Jj|J jjy( therefore enable us to find the forces 
iclves, if their number exceed two. 
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It will, however, sometimes be possible to disturb one 
part of the system without affecting other parts; or the 
system may consist of several parts, each one of which it 
may be possible to disturb in such a manner as not to af- 
fect the other parts. In this case it is manifest, that the 
equation of virtual velocities will furnish us as many equa- 
tions between the forces, as there are independent parts of 
the system. Now two points are independent when no geo- 
metrical relation exists between their virtual velocities. 
Wherefore, in using the equation 2 (F^s) = 0, we must 
find, from the geometrical properties of the system, as many 
of the quantities ^«i, ^^29 ^^3...in terms of the others as 
possible, and substitute them in the equation; the virtual 
velocities which are still left in it are independent, because 
no geometrical relation exists among them ; and, therefore, 
the corresponding parts of the system admit of independent 
disturbance; we must consequently equate the coefficients of 
each of these terms to zero. The resulting equations are 
the conditions of equilibrium. 

To illustrate what is here meant, we will solve the two 
following problems by the principle of virtual velocities. 

112. A particle rests upon a plane curve line, being 
acted on by two forces X, Y parallel to the coordinate 
axes : to find the conditions of equilibrium. 

Let y ^f{oD) be the equation of the curve, a?, y being 
the co-ordinates of the position of equilibrium of the particle. 
Then since after the disturbance the particle still remains 
upon the curve, if y + 5y, and x -^ hx be the co-ordinates of 
its new position they must satisfy the equation of the curve ; 

.-. y + Sy =: f(w + ^x) = y + d^y . Sx ; 

.'. Sy = d^y . Sx, 

Now 5a?, Sy are the virtual velocities of the particle for the 
two forces JT, Y; 

.-. XSx + Y^y = by the principle ; 
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2[^/r + ¥d,ylw = for all values of Sir, 
and .-. X+ Yd^y =0, 
the condition of equilibrium. 

A particle rests upon a smooth curve surf ac 
three farces X, Y, Z parallel to the co-ordi 
to Jind the conditions of equilibrium. 



Let X =f{x, y) be the equation of the curve surface, 
x, y, ar being the co-ordinates of the position of equilibrium 
of the particle. Then \? m + ^sc, y + &y, is + Sz be the co- 
ordinates of the position after disturbance, Sx, Sy, ^x are 
the virtual velocities of the particle for the forces JC, Y, Z 
respectively; and therefore by the principle of virtual velo- 
cities, 

X^n + Yly + Zlz 

■ Sut because ,r + ^x, y -¥ ^y, k + oar ar 



3 + ^;«=/(.r + Sj 



HtfUl 

^^R substituting this value of ^as, we have 

^V (^+ Zd.x) ^.r + (r+ Zdy!s) 

There is no geometrical relation existing between 
consequently, the equations of equilibi 

IX +Zd.x = 0, F+Zd^ 
■ 114. If two forces P, P' whose virtual veUx^ties i 
■9^, Sp', act upon a rigid body at different points, and I 
suck that the equation PSp + F'Sp' = is true for all a 
trary displacements of the body, then P and P' are eqtu 
—and act in the same line in opposite directions. 



For the equation sliews that Sp and Sp' are always zero 1 
ither. Now disturb the body in such a way that the I 
int at which P acts may remain stationary ; then since 1 
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the body is rigid, the point oo which F' acts 
described a circular arc about the statioaaiy point; 
tp = 0, that arc roust be perpendicular to th< 
which P" acts, therefore P' acts in the direction of a normal 
to the arc, i. e., id a line passing through the point on 
which P acts. In the same wav it may be shewn that P 
acts in a line passmg through the point at which P* acts; 
hence they both act in the same line: it will therefore bf 
possible to disturb the body so that cp and Sp' may be 
equal in magnitude; aod they must have difierent algebraic 
signs (■.' Pip + P'cp' = 0), which can only happen, since the 
body is rigid, by reason of P and P" acting in opposite 
directions; and therefore P and P' are likewise equal. 

115. If the equation S(F^s) = 0, 6e true for all arH- 
trary displacements of a rigid body under the action af 
external forces Fi, F^... /Acre is equilibrium. 

For if not, there will be at most two resultants (Art, 8*); 
apply forces P, P equal to these resultants and in the con- 
trary directions to them, and then the body is in equilibrium 
under the action of the forces f,, Fi... P, P; consequently 
by the Principle of Virtual Velocities, 

2 {Fls) + Pip + P'lp = 0. 

But 2 (Fh) =0 by hypothesis, and therefore Pip + P^p'-O: 
and hence it follows from the last article that P and 
P" are equal and act in opposite directions; consequently 
they destroy each other ; they may therefore be removed 
without affecting the equilibrium ; hence the body is in equi- 
librium when /*,, F^, F^.... are the only external forces 
which act on the body. 

116. When a system of connected bodies is in equili- 
brium under the action of external forces, pressures, &c., 
the equilibrium would not be affected if the connecting joints, 
cords, &c. were all to become rigid: and hence any force 
may be transmitted to any point of the system in the line 
of its action (Art. 2i), providing the original point and 
the new point of application are not situated in independent 
parts of the system. 
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117. // the equation 2(F^ 
trary displacements of a system 
equilibrium. 






i) = be true for all arhi- 
of connected rigid bodies, 



If the system consist of independent parts, let one of 
ise parts alone be displaced, then for that part2{/'Ss) — 
by hypothesis. If that part is not in equilibrium we may 
apply forces to each body of it which shall keep each of 
them in equilibrium: these forces (Art. 116) may be trans- 
mitted and reduced to two P, P" acting upon the part under 
consideration. Hence reasoning as in Art. 115, we find P 
and P equal and opposite, and therefore they may be re- 
moved without disturbing the equilibrium of the part. Thfl 
same may be proved of each of the independent parts ; aad* 
consequently, the whole system is in equilibrium. 



^ Remark. We have seen that the principle of virtui 
locities is true only when the displacements are so small 
as to allow us to consider an arc as coincident with its 
chord or tangent. Now the reader who is familiar with 
the DitFerentifll Calculus will know, that an arc and its 
tangent coincide analytically only as far as the second term 
of Taylor's theorem inclusive: hence the principle of virtual 
velocities embraces only quantities of the first order of 
smallness. The second term of Taylor's theorem has been 
called the differential of the first term; wherefore, in ap- 
plying the principle of virtual velocities, we ought always 

I nae ds instead of Ss. The equation of virtual velocities 

[ its proper form is ^(Fds) = 0. 
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CHAPTER VI. 

on the centre of parallel forces, and on the centre of 

gravity; 



THE CENTRE OF PARALLEL FORCES. 

118. If a rigid body he acted on at different points hy 
forces in parallel directions^ there is a certain point through 
which their resultant passes^ whatever he the position of 
the body with respect to the direction in which the forces 
act. 

Let Fi, F2...F^ act on the points A, B...K (fig. 25) 
of a rigid body. From any point O in the body draw the 
rectangular co-ordinate axes Ox^ Oy^ Oz. Join J, Bx and 
let the resultant of F^, F2 pass through C. Draw Aa^ Bb^ 
Cc parallel to 0%x join a, b passing through c. 

Let ^1^1^19 ^iVz^z**' ^nVn^n ^c the co-ordinates of the 
points on which the forces act; w'y'^ those of C; and let 
be the inclination of AB to ab. Then 

sf' - ^1 = Cc- Aa = AC sin 0, 
and %2-% =" Bb - Cc =^ BC sin 0; 

%2-%' BC F..^ 

''T^ric-F^''^ '''''' ''^' 

whence we find (Fj + F2) ^' = F^z^ + Fz^z* 

Again, take away the forces F,, F^ and replace them by 
their resultant F^ + F^ acting at C, then if we put so'y'x' 
for the co-ordinates of the point through which the resultant 
of Fi, F25 F35 or, which is the same, of the two {F^-vF^ and 
F3 passes, we have as before 

(Fi + F2 + F3) z" = (Fi + FO z + F^z^ 

= Fiijfi + F^x. + F3^3. 



In this manner, introducing successively one force at a time, 
until all have been taken in, and denoting by xys the co- 
ordinates of the point at which the final resultant acts, we 
shall at length obtain 

{F^ + /; + fs + ... + f ,) i = jF,is, + F^x^ + =?■>?, + ... + /".», 
or, more concisely, ^F . z ='%[Fsc). 

By similar reasoning we shall obtain 

Ik £/'.y= 2 (/■»), 

■ and SF.i = 2(/"a;). 

The last three equations determine the values of eegs; and 
since those values do not contain d, the lines in which the 
forces act may be turned about the points on which they 
act without affecting the position of the point whose co-ordi- 
jyz. On this account this point is called the 
\tre of parallel forces. 
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119. Def. The product of a force into the distance 
of the point on which it acts from a plane, is called the 
moment of the force with respect to the plane. Hence 
'^{Fin), 2(Fi/), SCF^) are the sums of the moments of the 
forces with respect to the planes of j/», xx, xy: and 2/*. a), 
'S.F .y, '^F-z are the moments of their resultant with respect 
to the same plane. Hence, remembering that the co-ordinate 
planes were taken in any position, it follows, that the sum 
of the moments of any parallel forces with respect to a 
plane is equal to the moment of their resultant with re- 
to the same plane. 

130. If the proposed plane be drawn through the centre 
of parallel forces, the moment of the resultant with respect 
to it will be zero ; consequently, the sum of the moments 

^^ftf 03iy parallel forces with respect to any plane passing 

^Ettrot^ft their centre is equal fn zero. 

^K 131. 
^^H paralle 

L 



131. If 2F he equal to zero, there is then no centre 
parallel forces, as we likewise know from Ait. 73. 



THE CENTRE Of GRAVITV. 

122. It has been found bj experiment, that undej 
exhausted receiver of an air pump, bodies of unequal magni- 
tudes, and differing altogether in their nature and form 
(such as a piece of lead, a shilling, a feather, Sic.) fall 
from the top to the bottom of the receiver exactly in the 
same time: from which it has been inferred, that the earth 
exerts an equal force on all equal portions of matter ; and 
that the weight of a body at a given place, measured ac- 
cording to the principles laid down in Arts. 7 — 10, is pro- 
portional to the quantity of matter in the body : that is, 
if M be the quantity of matter in a body whose weight i»- 
FT at a given place, then 

IKocM. 

But we have stated in Art. 8, that the weight of a body, 
measured by a standard spring, is not the same at all places 
of the Earth's surface ; it is in fact (as is shewn in Dynamics) 
proportional to the accelerating force of gravity, at the re- 
spective places. This force is generally denoted by gi and 
hence we have for a given body 

Consequently, for different bodies at different places It'oc Mg. 
For reasons stated in Dynamics we assume that 

W = Mg. 

123. The size or bulk of a body is called its volume 
and is denoted by Vi but it is necessary to explain, both 
with regard to V and M, that they are expressed in numbers 
on the following principle. A known body, composed of 
matter uniformly diffused through all its parts, is taken as 
a standard to which all others are referred. The volume 
and mass of this body are called the units of volume and of 
mass. If a body be V times the size, and contain M times 
the quantity of matter, of the standard body ; l^ and M 
are taken as the measures of the volume and mass of that 
body. Also, supposing the matter of the second body to 



be unifonnly diffused through its parts, if a portion of it 
of the same size as the unit of volume contains p times as 
much matter, p is called the density of the body; and it 
is evident that 

M = pV. 

124. The direction in which a body descends when let 
fall is called the vertical direction ; it may be discovered by 
suspending a heavy body by a thread, or by drawing a line 
perpendicular to the surface of still water. A plane at right 
angles to the vertical is called a horizontal plane ; and it 
is evident, since the earth is spherical, that the horizontal 
plane changes its position in passing from place to place: 
but since the distances of the bodies of systems usually 
treated of in Statics arc exceedingly small compared with 
the radius of the earth (4.,000 miles, nearly) we may consider 
the surface of still water as a horizontal plane to a small 
extent, and consequently the verticals as parallel. 

125. Hence, in every body, and in every rigid system 
of bodies, there is a certain point through which the re-~] 
sultant of the forces which the earth exerts on the different 
parts always passes in every position of the body or system. 
This point is called the centre of gravity of the body or 

bvateni : it is sometimes also called the centre of mass. 

I 126. One property of the centre of gravity, particularly 
worthy of remarlc, is, that it does not depend at all upon 
the intensity of the force of gravity. For divide the whole 
system into very small equal molecules, the quantity of mat- 
ter in each being m, and their number n, and denote the 
fqrce exerted upon a unit of matter by g; then the force 
exerted on each molecule = m^. And if atiy^si,, XiygSSg,,.. 
be the co-ordinates of the molecules, and x^a those of the 
centre of gravity, we have, by Art. 118, 
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Similsrly, y = 



It appears then, that the co-ordinates of the centre of 
gravity are the means* of the co-ordinates of the molecules, 
and consequently its position is independent of the intensity 
of gravity. Hence the centre of gravity of any body is k 
certain point within it, the place of which depends only on 
the relative disposition of its equal molecules. The investi- 
gation of its place is therefore purely geometrical, and may 
be applied to any body whatever ; and for this reason we 
often speak of the centre of gravity of bodies far removed 
from the influence of the earth, and when, in fact, no re- 
ference is intended to be made either to the earth or to* 
gravity; the point alluded to, being no other than the one 
detennined from the geometrical principles just laid down, 
y\f„ — that its co-ordinates are the respective means of the 
co-ordinatea of all the equal molecules of which the body is 
composed, 

127- Since the resultant of the forces which act on the 
particles of a body passes through the centre of gravity, if 
that point be supported the body will be in equilibrium 
in every position. For instead of the forces themselves, we 
may substitute their resultant, which will be counteracted 
by the point of support, and this will be the case if the 
body be turned round that point into any position what- 



128. And since the resultant may be applied at any 
point in the line of its direction (Art. 21), if the point of 
support he not in the centre of gravity, but in any point 
of a vertical passing through it, the body will be in equi- 
librium. And conversely, if a body be suspended from any 
point in it, it will not be at rest till the centre of gravity 

• Hence the lentte of gtBVity of (wo equal bodies ia fhe niidille poLnl be. 



and thL> point of suspensi 
vertical. 



lkb< 



This property may sometimes be employed in finding 
centre of gravity. For if the body be successively 
suspended from two points in it, and the corresponding ver- 
ticals be drawn upon or through the body, their common 
point of intersection will be the centre of gravity. 



¥. 
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129. It follows at once, from Art. 127. that if all the I 
particles which are situated in a line passing through the 
centre of gravity be supported, the body will rest in equi- 
librium on that line in all positions. And the converse is 
true, viz. — that if a body rest in equilibrium, in all po- 
sitions, on a fised line, the centre of gravity must be in 
that line ; for, unless the centre of gravity were in that 
line, a position might be found in which the vertical 
through the centre of gravity did not pass through a point 
of support, and consequently the body would not be in 
equilibrium in all positions, which is contrary to the hy- 
ithesis. 



Hence, if we can find several lines on which a body 
will rest in all positions, the centre of gravity will be in 
their common point of intersection. 

tl 130. Since the resultant of all the forces of gravity, 
■rbich act on the particles of a body, may be supposed to | 
act at the centre of gravity, and is equal to their sum 
(Art. 118), we may, in any investigation in which this re- 
sultant is required, suppose the whole mass united at 
the centre of gravity; and hence it becomes important 
to know the situation of this point in bodies of different 
figures. 



^%er( 



131. It is not always convenient to divide a proposed 
ly into equal molecules, as was done in Art. 126, it 
■efore becomes necessary, in that case, to use other 
formulse for the determination of the centre of gravity. 
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Let m^y fUii ms, be very small masses into which 

the body may conveniently be supposed to be divided; 
^i^i^ij ^2y2^2 9 a?3y3Jjf3... their co-ordinates. 

Then the forces which urge them are gmu gfn^^ gm^^ 

respectively; and therefore, substituting in Art. 118, we 

obtain 

gmi.a^i +gm2.af2 +gfns*af3+ ••• 
a? = — 



gmi+gmz+gm^ + ... 

m^ofi + W2^2 + •W3«r3 + ... 



2w» 

and, similarly, 

2 (my) _ ^(mz) 
^ 2m ' 2w 

132. Since, whatever be the position of the plane yz, 
we always have 

X • 2fi> = 2 (fnaf)y 

it appears that the moment, with respect to any plane, of 
the whole mass collected at its centre of gravity, is equal to 
the sum of the moments of all the molecules, with respect 
to the same plane. 

133. If the origin of co-ordinates be in the centre of 
gravity, then 2(ma?) = 0, 2(my) — 0, and ^{mz) = 0; for 
x, y, and z are, in that case, each equal to zero. 

134. Since the mass of a body of uniform density is 
measured by the product of its volume into its density (Art. 
123); if p, , p29 pz,....he the densities, and Fi, Fg, F3, .... 
the volumes of the molecules Wj, wig, m3...,we shall have 

the molecules being so small, that every part of each one 
may be considered of uniform density. Hence, by substi- 
tution in the formulae of Art. 131, we have 




135. If the density of the whole system be the same, 
then pi = p2 = p3 .... and these formula are simplified by 
dividing out p, thus, 

- 2 (Fa;) _ 2(Ky) _ J.{Vx) 

But it is to be tarefuUy observed, that these formula 
are only to be applied to such bodies as are of homogenous 
materials. 

. The general application of these formulae depends 
on the Integral Calculus, but there are a few cases which 
can be made to depend upon the more simple principles of 
Art. 129, and with them we shall accordingly commence our 
series of examples on the subject of finding the position of 
the centre of gravity in bodies of various forms. 

All bodies will be supposed homogenous, or of uniform 
density, unless the contrary is mentioned. 

137. If through any figure a plane can he drawn, so 
that thejigure shall he symmetrical with regard to it ; that is, 
so that the two parts of the figu.re which are situated on 
opposite sides of that plane are perfectly similar and equal; 
the centre of gravity is in that plane. 

Fat the moment of the volume on one side is exactly 
[ual to the moment of that on the other side, with respect 
that plane, and these moments will have contrary signs, 
id therefore their sum will he equal to zero. But this 
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sum (Art. 132) is equal to the moment of the whole volume, 
collected at its centre of gravity, with respect to the aame 
plane ; which cannot be the case unless the centre of gravity 
be in that plane. 

138. Hence, if we can find two such planes diiferently 
situated, the centre of gravity will be in the line of their 
intersection ; and if we can find a third plane, the centre 
of gravity will be that point where it cuts the line of in- 
tersection of the other two; in other words, it will be the 
common point of intersection of any three planes, by which 
the figure can be symmetrically divided. 

139- It follows, from these properties, — 

(1) That the centre of gravity of a sphere, or of a 
spheroid, or of a cube, is its centre. 

(2) That the centre of gravity of a parallelopiped is 
the middle point of one of its diagonals, and of a cylinder, 
the middle point of its axis. 

(3) That the centre of gravity of any figure of revo- 
lution is some point in the axis. 

140, When we speak of the centre of gravity of a line, 
or of a plane figure, it is to be understood that the bne consists 
of material particles, and the plane figure of a single lamina 
of particles, or else, that the thickness is every where the 
same, and inconsiderable. 



141, Hence the centre of gravity of a straight line is 
its middle point ; of a circle, or ellipse, or square, its centre ; 
and it will follow, from reasoning precisely similar to that of 
Art. 137, that if we can draw two straight lines in a plane, 
by each of which the figure is divided into two equal and 
symmetrical parts, the centre of gravity is the point of their 
intersection. This property will enable us to determine at 
once, by inspection, the centre of gravity of almost all regular 
plane figures. 
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To find the centre of gravity of a plane triangle. 

ABC (fig. 26) be the triangle, bisect one of the 
sides as BC in D, and joia AD. Then we may suppose 
the triangle made up of material particles, arranged in lines 
parallel to BC; let 6c be any one of them. Then, by the 
similar triangles BAD, bAd, " 



I 



and, similarly, 



BD : 
DA : 



DA :: bd : 
DC ;: dA ; 



dA, 
dc. 



.-. BD : DC :: bd : dc. 

But BD = DC, therefore bd=dci and, consequently, d 
is the centre of gravity of be. 

Similarly, the centre of gravity of every other line parallel 
to BC, of which the triangle consists, is Homewhere in AD^ 
consequently the whole triangle would rest in equilibrium on 
AD, consequently its centre of gravity is in AD (Art. 129). 
In the same manner it would appear that the centre of gravity 
of the whole triangle is in BE, which bisects AC, and hence 
G, the point of intersection of AD and BE, is the point 
required. 

Join DE, then because CA, CB are divided at E, D 

in the same proportion, viz. each bisected, therefore DE is 

parallel to AB ; and, therefore, the angle DEG is equal 

_ to the angle ABG, and angle EDO to the angle BAG, and 

UDsequently the triangles ABG, DEG are similai 

.-. AG : DG :: AB : DE 

:: AC : EC :: 2 : 
Hence AG = 2DG, 

and .-. AD = AG + DG = sDG ; 
.-. DG = ^AD. 



143, If three equal 
I situated in the three 
mtre of gravity of these 
! triangle. 



have their centres of gra- 
points of a triangle, the 
'ill coincide with that of 
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Let J, B, C be the centres of gravity of the three bodies, 
then BD being equal to DC, the two B, C will be in equi- 
librium on Z>; and therefore the three on a line passing 
through A, D ; in the same manner they will be in equili- 
brium on BE, and therefore G is their common centre of 
gravity. 

Hence (Art. ISfi) the distance of the centre of gravity 
of a triangle from any plane, is the mean of the distances 
of its angular points from the same plane. 

144. To Jind the centre of gravity of a quadrilateral 
.figure. 

Let ABCD (fig. 27) be the trapezium ; AC, BD iU 
diagonals intersecting in £ ; G its centre of gravity ; draw 
GJy GK parallel to the diagonals. Then, supposing the tra- 
pezium to be made up of the two triangles ADC, ABC, we 
have {Art. 135), 

(trapezium ABCD) . (peipendicular from G on AC) 
= (A ABC) . (perpendicular from its centre of gravity on AC) 

— (A ADC) . (perpendicular from its centre of gravity on AC) 
= ^ (A -^JSC) . (perpendicular from B on AC) 

— ^ (A jii^C) . (perpendicular from D upon AC). 

Now the triangles ABC, ADC, having a common base 
AC, are proportional to the perpendiculars from B and D 
on AC, which are also proportional to BJE, DE respectively; 
hence, in the above equation, instead of the triangles ABC, 
ADC, and the trapezium, which is their sum, write respect- 
ively the quantities BE, DE, and BE + DE, to which they 
are proportional ; and, instead of the perpendiculars from 
B, D and G, or /, which is equal to it, write respectively 
BE, DE, and EI, which are proportional to them ; and 
then we have 

{BE + DE) .EI = ^BE'- ^DE' 

= ^ (BE + DE) (BE - DE) ; 
.-. EI = ^ (BE -DE). 
And, similarly, EK = ^(AE-CE). 




Hence, setting off £/ equal to one-third of the excess oiEB 
above ED ; and EK equal to one-third of the excess of AE 
above EC ; and drawing /G, KG parallel to the diagonals 
of the trapezium, G will be the point required, 

145. 



To find the centre of gravity of any other rectilinear 
figure we must divide it into triangles, and suppose each 
triangle collected at its own centre of gravity ; we can then 
find the common centre of gravity of the whole hy the for- 
jDulse of Art. 135. 



EB 1 

AE J 

>nals ^^J 



To Jind the centre of gravity of a triangular 



146. 
pyramid- 
Let A (fig. 28) be the vertex, and BCD the base of the 
pyramid. E, H the centres of gravity of the base and the 
face ACD. Join AE, BH, BE, AH. Then, because E is 
the centre of gravity of the base, therefore BE produced, 
bisects CD. For a similar reason, AH produced, bisects 
CD; and therefore BE, AH intersect in F\ consequently, 
AE, BH, which are in the plane ABF, intersect each other 
in some point G. 

Now we may suppose the pyramid made up of triangular 
laminse of particles, situated in planes parallel to the base; 
let cbd be one of them, cutting AF in /, and AE in e. This 
triangle is, of course, exactly similar to the base of the pyra^. 
mid, and being parallel to it, cd must be parallel to CD^ 
and therefore the triangles CAF, cAf are similar, 



r 



.: cf :Af :: CF : AF ; 
I similar reason, Af : df ■.: AF : DF\ 



cf : df :: CF : DF; 



but CF being equal to DF, cf must be equal to df, and 
consequently the centre of gravity of the triangle cbd must 
be in the line bf. Again, AFB being cut by parallel planes, i 
/b must be parallel to FB, and the triangles FAE, fAe ar« I 



L 



. fe : Je :: FE : AE; 
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but, for a similar reason, 

Ae : be :: AE : BEy 



.-. fe : be :: FE : BE. 

But BE^^^FEj and therefore be^ife, consequently 
e is the centre of gravity of the lamina bed. In the same 
manner, all the laminae of which the pyramid consists, have 
their centres of gravity in AEj wherefore the pyramid would 
balance on AE in all positions ; and, consequently, the centre 
of gravity is in that line. For like reasons, it is in the line 
BHy and therefore G, the point of intersection, is the centre 
of gravity of the pyramid. 

Join HE. Then, because FE : FB :: 1 : 3 :: FH : FA, 
therefore HE is parallel to AB, consequently the triangles 
HEG^ BAG are similar; 

.-. GE : AG :: EH : JB :: FE : FB :: I : 3; 

.-. AG^SGE; 

.'. AE^^AG^GE^^GE', 

.:. GE^l.AE. 

Hence, join the vertex and the centre of gravity of the 
base, and the centre of gravity of the solid will be at the 
distance of one-fourth of this line from the base. 

147. It may be shewn, by a method very similar to the 
one in Art. 143, that if four equal bodies be placed in the 
four angular points of the pyramid, their common centre of 
gravity will coincide with the centre of gravity of the 
pyramid ; and that the distance of the centre of gravity of 
any triangular pyramid, from any plane, is equal to the 
mean of the distances of its angular points from the same 
plane. 

148. The line joining the centre of gravity of the base 
BCD, and that of any parallel section bed of the pyramid 
being produced, passes through the vertex A, 
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149. If a plane be drawn through tlie centre of gravity 
of the pyramid parallel to the base, a fourth part of every 
line drawn from the vertex to any point in the base will be 
intercepted between this plane and the base. 

For a fourth part of AE is intercepted, and therefore | 
(Eucl. xi. l6) every line from the vertex to the base must ] 
be divided iii the same proportion. 

150. Hence, if a perpendicular be drawn from A upon 
the base, a fourth part of it will be intercepted between the 
base and a plane parallel to it through the centre of gravity 
of the pyramid. And, conversely, if we take a point in the 
perpendicular at the distance of one-fourth of its length from 
the base, a plane being drawn through that point parallel to 
the base will pass through the centre of gravity of the pyra- 
mid ; consequently, all other triangular pyramids between 
the same parallel planes will have their centres of gravity 
situated in that plane. i 

151. To Jind the centre of gravity of any pyramid. I 

Let g (fig. 29) be the centre of gravity of the base of the 
pyramid; join Ag. Then, by a method exactly similar to 
the one pursued in Art. ItG, it may be shewn that the centres 
of gravity of all the plane laminte, parallel to the base, of 
which the pyramid may be supposed to be made up, are 
in Ag, and consequently the centre of gravity of the pyramid 
is in Ag. 

But we can divide the base BCDEF into triangles, and 
suppose the pyramid made up of triangular pyramids, consti- 
tuted upon these triangles as bases, and having tlie common 
vertex A. These, by the last article, will have their centres 
of gravity in a plane parallel to the base BCDEF, which 
divides ^g- in G, so ihaX. Gg = \ Ag; consequently the centre 
of gravity of the whole pyramid will be in that plane, and as it 
is also in Ag, it must be at G. 

152. There is nothing in this demonstration to limit 
le number of sides of the base of the pyramid, and there- 
re in a cone, upon a curvilinear base of any form what- 
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ever, which we may suppose a polygon of an infinite number 
of sides, the centre of gravity will be found, by joining the 
vertex and the centre of gravity of the base, and taking a 
point in that line at the distance of one-fourth of its length 
from the base. 

153. To find the centre of gravity of the frustum of 
a cone or pyramid cut off by a plane parallel to the base. 

Let BCD (fig. 50), bed he the two ends of the frus- 
tum, which are, of course, similar figures ; g, g their centres 
of gravity; G the centre of gravity of the frustum, which 
will be in the line gg\ because the centre of gravity of 
every lamina parallel to the base is in that line. Now, 
complete the frustum into a pyramid, its vertex A will be 
in gg produced (Art. 148) ; and put a, b for the lengths 
of corresponding parts of the two ends of the frustum, and 
c for gg. 

Then A^ and Ag being like dimensions of the upper 
pyramid, and the whole pyramid, as also b and a ; and, 
because the like dimensions of similar figures are propor- 
tional ; 

.'. a : b :: Ag : Ag ; 

.-. a : a -b :: Ag : Ag - Ag ^ gg' ^^fX^ 

ac 



••• Ag = 



Similarly, Ag = 



a — b 
be 



a — b 

Now, measuring along gA^ the distance of the centre of 

cic 

gravity of the whole pyramid from g = \ * ; and th^ 

a — b 

distance of the centre of gravity of the upper pyramid 

be 
from g =^\' 7 5 and therefore, measuring from g^ it 

be 
= c + ^ . 7 ; also, putting «r for the distance of the 
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centre of gravity of the frustum from g, measuring along 
gA, we have, by Art. 135, 

(whole pyramid) . ^ . — — - 

= (frustum) . X ■+ (upper pyramid) . I e + ^ . ; I . 

But similar solid figures are as the cubes of their like 
dimensions, wherefore the whole pyramid, the upper pyrainid, 
and the frustum, which is the difference between them, are 
proportional to a', 6', and a^ — fc' respectively ; and substi- 
tuting these in the last equation for the quantities to which 
they are proportional, we have 



.-. (a'-S-). 



- ib^] 



P . j.)(a'-6") + (o'-S')6+(a-(.)6'} 

therefore, by dividing the equation by « — 6, 
(a' + ab + l/').v '^ -.{a^ + ab + b'' + ab + l 
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.(a^ + 206+36*); 
a' + Sab + Sb' 



GENERAL PROPERTIES OF THE CENTRE OF GRAVITY. 

154. If the mass of each particle of a system be multi- 
yolied by the square of its distance from a given point, the 
«un) of the products will be the least possible when the 
^iven point is the centre of gravity of the system. 
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Let the centre of gravity of the system be taken for the 

origin of co-ordinates ; and put a, 6, c for the co-ordinates of 

the given point 0; ^i yi «i, ^2 Vt ar2....for those of the 

particles m„ m2....of which the system consists. 

# 
Then 

(Om,y - (/r, - ay 4. (y, - 6)* + (z, - cf 

= ,Vi* + y,« 4. jjfj* 4. a* + 6* + c* - 2a*, - 26y, - 2car, 

= (Gm,)* + (GOy - 2a*, - 26y, - 2c«i ; 

because (Gm,)* = *,* + y,* + a?,*, and G<y = a* + V + c*. 

Hence m, (Om,)* 
«sm, . (Gmiy + m, . (GO)* -2a.mia?, ^2b .m^y^ -2c.m,i!f|. 

Similarly, m2.(0»»2)* 
= mg . (Gm^)* + WI2 . (GO)^ - 2o . m2*2 - 26 . m2y2 - 2c . m2«2, 

= fWj. (Gmg)^ + W3. (GO)* — 2a. 1113*3 - 26 .^3^3 -2c.fii3ar3, 



and, consequently, by adding the corresponding sides of the 
equations together, 

m, . (Owi,)* + Wg. {Om^y + m^ . (Orn^y + 

= w, . (Gwii)* + W3. (GfWg)* +/%. (Gma)^ + 

+ (m, + m2 + ma + ) . (GO)* 

— 2a .(m,*, + ^2*2 + ^3*3 + ) 

-26.(711,2^1 + ^22/2 + ffhyz+ ) 

— 2c . {mi%i + ^2^2 + ^^3 + )• 
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But, because the centre of gravity of the system is in 
the origin of co-ordinates, we have, by Art. 133, 

= m,ni, + ma^i + fOiW^ + 

= m,j/| + mjya + m^y^ + 

= m^se, + m.iS!2 + tthXs + 

Consequently, 

m, . (Om,)' + m, . (Om,)" + m, . {Om.f -(• 

= m, . (Gm,y + m, . (Gfthf + m,. (Gm,y + 

+ (»M| + m, + m3+ ).(GOy, 

or, 1{miOmy} = ^\fn{GmY\ +l.m.(GOy. 

From this equation it appears, that the sum of the pro- 
ducts of each particle into the square of its distance from 
the point 0, is greater than Sj«i(£rm)'} by the quantity 
2m. GO'; and since 2{m(Gm)'j does not depend at all 
upon the position of the point O, the sum will be the least 
possible when GO = 0, that is, when the point is in the 
centre of gravity of the system. 

165. CoE. 1. So long as the distance of from G re- 
mains the same, the quantity 2 \tn (Gm)°j + 2m . GO* retains 
the same value ; if, therefore, be fixed in space, and the 
body be made to turn round its centre of gravity, the sum 
of the products of each particle of the system into the square 
of its distance from remains unaltered. 

156. Cor. 2. The two last articles arc equally true 
if m,, m„, wi3...be large bodies instead of single particles, 
observing, in that case, that x, y, «i, x^ y^ x„ x^ y^ % ... will 
be the co-ordinates of their respective centres of gravity, 

157. Coa. 3. Suppose the bodies all equal to m, and 
let their number be n, then 

S{ffi(Om)'J = m, .(Om,)''+ nia. (Oms)^ + mj. (Om^y ■+ 

= m \(Om,y + (Om,y + (Om,y + . 
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and, similarly, 2 {m (Gmy] ^m.^ (GmY ; also 2m = wi, 

'hfn2 + vih+ m>m + m-^m+ ton terms -nm; 

consequently, by substituting in the equation of Art. 154, 
we obtain 

m . 2 (Omy = m . 2 . {Gmy + nm . (GOy ; 

.-. 2 (Omy = 2 . (Gm^) + n . {GOf. 

It appears then, that in a system of n equal bodiesy the 
sum of the squares of the distances of their centres of gravity 
from a given pointy is greater than the sum of the squares of 
the corresponding distances from the centre of gravity of the 
system, by n times the square of the distance of this latter 
from the given point. 

158. CoE. 4. Hence, if JBC be a triangle, G its centre 
of gravity, and O a point situated either in the plane of the 
triangle or not, we have 

JO^ + BO'+CO'^AG^-^BG'^Cff-^S. GO*. 

And in a triangular pyramid whose angular points are 
Ay By C, Dy aud centre of gravity G, 

AO' + BO" + CO"" -^ DO" 

^AG^^BG'^CG^^ DG" + 4 . GO". 

For, by Art. 143, the centre of gravity of the triangle 
coincides with that of three equal bodies placed at its angular 
points ; and the centre of gravity of the pyramid with that 
of four equal bodies at its angular points, (Art. 147). 

159. If each particle of a system he multipliedy as in 
Art. 154, by the square of its distance from a given pointy 
the sum of the products will be greater than it would he if 
the whole system were collected at its centre of gravity y by 
a quantity which is found by multiplying the products of 
the bodies taken two and two respectivelyy by the squares 
of their mutual distancesy and dividing the sum of these 
products by the sum of all the bodies. 
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For let O be the given point, G the centre of gravitj 
of the system of particles or bodies m„ mg, m^ ....Ts" 
O for the origin, and let x, y, s be the co-ordinates of I 
*i Vi *it '^2 Sa «ai '^j ps *ai -•■ those of m,, m,^, wij ... ; also, 
let {m,ma), (»([»»,), (wiEms) .-■ be used to denote the dis- 

ibmces between m, and m^, m, and m^, bih and m, ... 
I Then, by Art. Ml, 
ft m . Sm = ni|^, + t%ii7a + 'ns^i + ••■••■ 
p y.2M-m,y, + nhSi + Wsffa + 

z. 2m =!»,«] + OT,ii^2 +mi»a + 

squaring each of these equatioDs, and adding the results, 
we obtain 

OG" . (2m)* = nt,- . (Om,y + m,' . (Om,y + m^' . (Om^f + ... 

»+ 2r»,rttj. ()E,Ws +yiy, + »,%) + 
+ 3f»im3. {j^iXs + j/ij/s + JSi^^s) + 
+ 2mtnh- (tii-r, + JiJa + ZB^s) + 
+ 

by writing Off, (Om,)'> (Onia)S (Om3)'...for their equals I 
respectively. 

But (m,fflj) being the distance between two points, whose J 
co-ordinates are x, y, sr„ .v^ y^ x^, we have 

(mtm,y = (ar, - v^Y + iUi ~ pif + {is, ~ x^)-' 
^L =• «,' + y^ + »,= + V + y/ + «!* 

^^ - 2 (;F,,to + yiy„ + K,sr3) 

= (Om,)' + (O™,)' - 2 (*,^, + !*,!/. + «,^.) : 
»,ra,(iriirj + y,ys + «ia'!) 

= m,m. \{Om,f + (Om.,)''' - (m,Wa)'}- 

6— *i 
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Similarly, 

« m^mt {(OmiY + (On^y - (iWiWh)*}* 

« mjiii, {(Oifi,)' + (OnhY - (»»2W8)*J- 
Consequently, by substitution, OCP (2m)* 
- fill* . iOmiY + «8* . (Oifi,)* + m,* . (Om^y + ... 
+ m,fn, {(Onii)* + (Om,)* - (mim,)*} 
+ Jiiiiiij {(Om,y + {OnhY - (iHiiiia)*} 

+ mam, {(Onny + (OhIb)* - (•»2ms)*| 
+ •.... 

«(mi + fiis + fiis+ )mi(Owi)* 

+ (mi + wig + w»3 + ) 1W2 (Om^y 

+ (mi + m2 + m3+ )m3(Om3)*+ 

— mi mg . (mi mg)* — mi ms . (mi ms)* — mg ms . (mgms)*- ... 

= Sm.S{m(Om)'} -2{mim2. (mimg)*}; 

the term 2{mim8. (mimg)^} being understood to represent 
the sum of the products of the particles, taken two and two, 
into their mutual distances. 

Hence dividing by 2 m, and transposing, 

2{m(0«.)»} - (2m). OC +H^^l^^^!^i:^, 

2m 

which expresses the property to be proved. 

160. Cob. 1. Prom Art. 154, we have 

2{m(0m)*}« 2{m(Gm)«} + 2m(G0)*; 
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which, substituted in the equation above obtained, gives 
vf™r«™\n=.rlJ i — L_i_J— fix. 



A result which might have been obtained at once,' 
without the aid of Art, 154, bj supposing to coincide 
with G. 

161. Cor. 2. If now, as in Art, 157, we suppose all 
the bodies equal, and n in nutnher, the last equation be- 



Hence, t» any system of n equal bodies, the su 
the squares of the lines joining their centres of gravity^ 
two and two, is equal to n times the sum of the squaret^ 
of the distances of those points from the centre of\ 
gravity of the system. 



162. CoK. S. Consequently, in the case of the triUf 
angle (Art. 143), 

fiC* + AC^ + JB' = S. {A(? + BC + CG^. 

Hence the sum of the squares of the sides of a tri~ 
angle is equal to three times the sum of the squares of the 
distances of its angular points from its centre of gravity. 



the case of the triangular pyramid 



163. Cor. 4. 
I we have 

Aff' + AC + AD" + BC + Bjy + ciy 

= i{AG' + BG* +CG* + DC). 

Hence the sum of the squares of the six edges of a 
% pyramid is equal to four times the sum of the squares 
the distances of its angular points from its centre 
f gravity. 



r 
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164. When a system of bodies is in equilibrium wtder 
the action of gravity only, the altitude of its centre 1^ 
gravity is in general a mawimum or a minimum. 

Let m,, tOf, m^... be the particles of the system in equi- 
librium; z„ Z3, «3... their respective altitudes above a fixed 
horizontal plane; s the altitude of the centre of grarity 
above the same plane ; g the accelerating force of gravity ; 
then m,g, m^g, m^g ... are the forces acting upon the par- 
ticles of the system. Let now the system be disturbed in 
a manner subject to the same restrictions as were pointed 
out in the Chapter on virtual velocities, (i. e. rods must not 
be bent, cords must he kept of invariable length, contacts 
must not be broken, &c.) and let dz,, dx^, dx^ ... be the 
virtual velocities of the respective particles, then by Art. 110^ 



Miir- rfiK, + mj^.dar, + wijg-.dst, + ... =0, 
or S ifndx) » 0. 
But since Sm.s = 2(mjK); 
.■. 2m . ds = 2 (mdx) = 0. 



I 



Now dg is the differential of s, or second term of Taylor's 
Theorem, and this being equal to zero, it follows that 2 is 
in general a maximum or minimum. 

It has been stated that the principle of virtual velocities 
extends only to quantities of the first order of smallness, 
that is, to the second term of Taylor's Theorem only; it 
does Dot appear therefore that ^(md?x) is in general equal 
to zero; the algebraic sign of d'z will therefore decide 
whether x is a raaximum or a minimum. 

165. CoE. Since the centre of gravity of the system 
is the point through which the resultant 2{nig-), or g^m 
of all the forces m^g, trtsg.,, passes, and that this resultant 
acts in a downwards direction, it appears, that, if the system 
be disturbed, the tendency of gravity is to make the centre 
of gravity descend: but if the constitution of the system 
be such that in passing out of a position of equilibrium the ^ 
centre of gravity can only ascend, the ascent will he op- 
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posed by gravity, that is, gravity tends to bring the systeoi 
back again into its position of equilibrium. But if the 
constitution of the system be such that in passing out of 
equilibrium the centre of gravity cannot but descend, it is 
assisted in its descent by gravity, and there is no tendency 
to return towards the position from which it set out. Hence 
it follows : 

(1) That if the altitude of the centre of gravity be a 
minimum, the system when disturbed will return towards 
the position from which it was disturbed. This is called 
a position of stable equilibrium. 

(2) That if the altitude of the centre of gravity be a 
maximum, the system when disturbed will recede still farther 
from the position of equilibrium. This is called a position 

of unstable equilibTium. 

(3) That if the centre of gravity neither ascend nor 
descend when the system is disturbed, it still continues in 
a position of equilibrium. This is called a position of 
neuter equilibrium. J 

166. If a body be placed with its hose upon a pla/n^^ 
it will stand or fall, according aa a vertical through He 
centre of gravity falls within or without its base. 

Let JB (figs, 31, 32) be the base of the body, G its centre 
of gravity ; draw a vertical through G meeting the plane 
on which the body is placed in H; H falling within the 
base in fig. 31, and without it in fig. 32- 

Every particle of the body is acted on by the force of 
gravity, and we have shewn that the centre of gravity is 
the point at which the resultant of the forces may be sup- 
posed to act: this resultant is equal to their sum, that Is, 
it is equal to (W) the whole weight of the body. We 
may therefore suppose the body to be without weight, and 
that a force acts at G equal to IV. In fig. 31, we may 
^^uppose this force to be transmitted to H, which being in ^_ 
^^^tact with a fixed point of the plane cannot be moved^^^^l 
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and therefore W is counteracted, its effect being to i 
the body stand firm upon its base. But in fig. 32, W 
not be transmitted to a point which is in contact with the 
plane, and therefore as there is nothing to oppose its ac 
the point G will descend, thereby causing the body to tiira 
about the point A. 

167. This reasoning applies if the plane on which the 
body is placed is not horizontal, provided the body be pre- 
vented from sliding by the roughness of the plane, or ODT 
equivalent cause. 

168. If a body be placed on points, instead of a flat 
base, it will stand or fall according as a vertical through 
its centre of gravity falls within or without the polygon, 
formed by passing a thread round the points. 

169. If there be any case not here considered, it may 
be disposed of in the following principle. The whole weight 
of the body may be supposed to act at its centre of gravity ; 
and as it acts in a downwards direction, its tendency is to 
cause that point to descend. If the geometrical arrange- 
ment of the system be such that it is impossible for it to 
move without causing the centre of gravity to ascend*, it 
will remain stationary ; for in this case the tendency which 
gravity produces is prevented from taking effect by the con- 
struction of the machine. 



APPLICATION OF THE INTEGRAL CALCULUS TO FIND THE 
CENTRE OF GRAVITY OF BODIES. 

170. To ^nd the centre of gravity of a plane curve 
line. 

Let AB (fig. 33) be the curve line, referred to the rect- 
angular axes Ox, Oy. P any point in AB, and Q very 
near to P. 01 = OM, ^3, = MN, y = MP, s = AP, Ss = PQ, 

* Thin leriu here iodudcB Oie limiting cue of motion in ■ horitontaJ line. 



■ GRAVITY OF A PLANE CURVE. 



■ the moment of the arc AF, and Su = that of PQ, about 



The moment of PQ about Oy is greater than it would 
! if PQ were all collected in a point at P; 

.*. Su>xSs; 

ind it is less than if PQ were all collected at Q; 

Hence -j- always lies between ai and x + ix, consequently 

the limit of -5- = x; 

ds 

Hbut by the principles of the Differential Calculus 

, ,, . - S« du 
the limit of -5— = -J— ; 

Sa ds 

du 



I 

I 



.■. u = jjid», 
^ integral to be taken from .t^ = OC to ai - OD. 

tat if my be the co-ordinates of the centre of gravity of AP, 
jire have by Art. 135, 

xs ^ u = fjids ; 

fxds 



Similarly y 



[yds 



171. These formulse will suffice for the determination 
of the point required in any given example: but it may be 

rwith respect to these, and other formulse, which 
ivestigated for finding the centres of gravity of 
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areas and volumes, that they are not always of convenient 
application. It is, generally speaking, more easy to work 
out an example by taking an element ^m of the figure, and 
then applying the equations 

- J2(afSm) - 2(ygwi) 

If this method be applied to the case investigated in the 

last Article, we have 5ni = 5« ; .*. 2 (Sm) = 2 5« = fds = s ; 

— fwds 
and 2(a?5m) = 2(a?5«) = /a?d[«; and .•. x=- , the same 

result as before. 



Ex. 1. To find the centre of gravity of the arc of a 
semi-cycloid. 

Let BC (fig. 34) be the base, JB the axis, and AC the 
arc of the semi-cycloid ; a? = AMy y = MP^ s^AP^ 2o = AB ; 
then the equation of the cycloid is 

y ss (2a^ - 0El^)h + a vers"* - ; 

a 



/2a Y J 
.-. ay = j 1 J dofj 



and ds 




j doe; 




.-. 8 


= 2\/2aa;. 


Also, 


osds 


= V 2aa7.da? ; 


• 


foods • 


2 / 

3 




.', a?" 


cX* 




3 *** 



0)- 
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fgain, jyds = ys~ jsdy 
= ys-JSy/s^l^^-\^ dx 
= ys-2\/saf(3a -a:)! da: 
= ys + - \/ia (2o - x)i + C. 



I 



Now this integral ought to vanisii when .r = ; 

... c.-i-^- 

3 

i6 „ 



and fyda =ys + - \/za (So - *)* — 
2 (2a -a;)* Sa' 



■•(»)■ 



The equations (l), (a) give the co-ordinates of the centre 
of gravity of any arc AP : if we write in them %a for x, 
we find 



for the co-ordinates of the centre of gravity of the arc JC. 

Ex. 3. To Jind the centre of gravity of an arc of a 
circle. 

Let AB (fig. 35) be the given arc, O its centre, C its 
middle point ; join OA, OB, OC : and let /"Q be a very 
small element of the arc. Draw Oy perpendicular to OC. 
a = OA, a=AOC, 9 = C0P, SO^POQ: the centre of gravity 
of AB is manifestly in the line OC, let x he its distance 
from O measured idong OC. Then 



i 



the element PQ = aS0, 
its moment about Oy = aS6 .a cos0 
moment of the arc AB=a^fcosdd9 from 6= 
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=s c? sin 0, from d^-o tod=+a, 
s 2a' sin a, 
and arc AB^%ao.\ 

2 a' sin a 



9,aa, 

sin a 
a 



Ex. 3. The equation of a catenary being 



at i — i 



and a;y being the co-ordinates of the semi-arc («), shew 
that 



- , ay _ aj? 



Ex. 4. The equation of a parabola being %^ » 49iij7, 
shew that the distance of the centre of gravity of the arc, 
cut off by the latus rectum, from its vertex, is 

m 3V^2-log,(l+v^2) 

4' V^S + log, (1 + V'S) • 

172. To find the centre of gravity of a plane area. 

Let ACDB (fig. 33) be the area : then using the same 
notation as in Art. 170, 

an element of area = PN -■ ylx^ 

its moment about Oy ^ a.ySa ultimately; 

.'. moment of the whole area about Oy^^(xyiaf); 

= fwydw, 
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and the whole atesL^ fyda; 

fxydw 
jyda * 

The integrals are to be taken from x^OC to w^OD. 

Again, 

the moment of the element ySx about Ow 

^yiw.- ultimately; 

.*. moment of whole about Ox^^f^dx\ 

fi^dw 



••• y = f 



fydx' 



Ex. 1. To find the centre of gravity of the area of 
a semirparabola. 

Let J (fig. 34) be the vertex, and AB the axis of 
the parabola; and let f^^Asmw be the equation of the 
curve, where w ^ AM^ and y^MP\ put AB^a\ 

.'. jxydw = /v/4m . ufl dw 
= -\/4m.«i+ C 

2 y — 
s - x/Aim • ai between ^ a o and x^a. 

5 ^ 

Also fi^daf^f^4>mwdaf 

B 2 ma' between the same limits : 



and fydof « fy/immda 

as - v/4nitiJ between the same limits ; 
3 

_ ^x/Tmai 3 3 
•fV^4iiioi 5 5 

, _ 1 2ma* 3 / 3 „^ 

and y « ^ ^ = - \/ma »= - jBC 
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Ex. 2. To find the centre of grawity of the area of 
a circular sector. 

Let JOB (fig. 35) be the given area, x the distance 
of its centre of gravity from O; then using the same na- 
tation as in Ex. 2 of Art. 171 9 we have 

elementary area = APOQ » ^ a^Sd ultimately ; 

.*. area of the sector = /^ a'dd from 6=-a to 0=+a 

Now the elementary area POQ being ultimately a tri- 
angle, we may suppose its centre of gravity to be at ^, 
such that Og « |^ OP » § a : and as the distance of it from 
Oy » f a cos 6 ultimately, we have the moment of the ele- 
mentary area QOP about Oy 

1 2 

= -a*5d.-acosd; 

2 3 

.-. mom^it of the sector about Oy 
= iaVcosedd 

= -a'sind+C 
3 

2 
= -a*sina from d=-a to 0=s+a; 
S 

^0? sin a 

.'. X- 1 

or a 

2a sin a 
" Sa 

Ex. S. If ay be the co-ordinates of the centre of 
gravity of the area of a semi-cycloid whose equation is 

tj 
y « i^ax - a?^)* -1- avers"** -, 

a 

- la 

X 



la aw ( 16 \ 
= —- and y = — 1 . 

6 ^ 2 V 97rV 
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Ex. 4. If fl!y be the co-ordinates of the centre of 
gravity of the area cut off from a parabola (y" = ima) 
by a focal chord inclined to the axis at an angle a, 

S = — (3 + Scot'a) and y = 2mcota. 

Ex. 5. To find the centre of gravity of the area of 
the quadrant of a circle, whose equation is a^ -t- 1^ = a". 



Ex, 6, To find the centre of gravity of the node of 
the lemniscate, whose equation is r' = a^cos20. 



~ 4^2 " 

173. To Jind the centre of gravity of a solid of revo- 
lution. 

Let JB (fig. 33) be the curve, by the revolution of 
which round 0^ the given solid is generated. Make the 
same construction and notation as before. Let V denote 
the volume of the solid generated by the revolution of AMP, 
and SK that generated by PMNQ,; m = the moment of V 
round Oy, and 5m that of ^V about Oy. 

The moment of Sf about Oy is greater than it would 
be if SF were all collected in the circular plane generated 
by PM^ that is, 

and it is less than it would be if ^V were all collected in 
the circular plane generated by QJV, that is, 
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But X9 y being the co-ordhiates of the centre of gnvitj 
of F, 

Now dV ^irf^dx^ by the Differential Calculus; and, 
therefore, V ^wff^da; consequently 

xf^dx^fwf^dx\ 
- fxi^dx 

From Art. 139, it is manifest that 

y = 0. 

Ex 1. To find the centre of gravity of a hemisphere. 

A hemisphere is generated by the revolution of a quad- 
rant, whose equation is 

y*ss 2ax — or; 
/. ff^dx^ aa^ — ^9 

3 

which gives, for the whole hemisphere, by writing a for «, 

2 
the quantity -a^. 

Again, jxifdx =/(2aa?^- a?)dx9 

2 1 

o - aar^ — a?* ; 

S 4 

5 
which, by writing a for a?, becomes — a*, 

5 5 

= - a = - of the radius. 

8 8 

Ex. 2. Given the altitude (c) and the radii (a, 6) of 
the ends of a parabolic frustum, to find its centre of 
gravity ; 

_ c a' + 26^ , _ 

3 a^+W ^ 



I being measured ittoiig tlic axis from the smaller end of 
e frustum. 
[lit- 
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Ex, 3. In a cone, generated by the revolution of i 
^lit-angled triangle about one of its sides, 

x= T- o( that side. 



Ex. 4. In the solid formed by the revolution of a 
semicycloid about its axis, 

■ _ a 97r°~32 
^^s'stf"- 16' 
a: being measured from the base along the axis. 

Ex. 5. In the paraboloid, formed by the revolution of 
the" parabola, whose equation is y"*' = a'ai", 

ta + Sn ai 
m + 9n"2 ' 

I'Ji. To find the reittre of gravity nf a solid of any ^)Ji 
form. 

Let Ow, Oy, Ox (fig. 26) be the rectangular co-ordi- 
nates, to which the solid is referred by its equation. Let 
ABPC be a portion of the surface of the solid, compre- 
hended between the co-ordinate planes aiOx, yOz, and 
the planes PpNC, PpMB respectively parallel to them. 
Through the point 5" very near to P draw planes Sane, 
Ssmb parallel to the former. Let ,vpx be the co-ordi- 
nates of P, and ai+S.v, y + Sy, z + Sz those of S. Then, 
denoting the volume of the parallelepiped Ps by A, its 
moment about the axis 0-v is greater than if it were all 
collected in the plane Pq, and less than if collected in the 
plane Us; that is, the moment of A is 

greater than yj, 

and less than (y + hy)A. 

But now if 11 be the moment of ihe solid PO about 
Oas, the moment of SBmPn about Ox will be (by Taylor's 
theorem applied to two variables ,r, y). 

7 
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+ ^d/w . (5y)' + ... 

+ ... 

and by the same theorem, applied to the variable off the 
moment of the solid BmP about O^, is 

and, similarly, the moment of the solid CnP^ is 

dyU . iy + i^d^u . (&yy + ..• 

Subtracting both these from the former, we find the mo- 
ment of the parallelopiped P8 to be equal to dgdyU.SaSy+...; 
consequently, this quantity always lies between yA and 
(y'i'Sy)A; and, therefore, d^d^u-^-.,^ always lies between 

Now j—K- tends to x as its limit, and consequently the 

. , J A A 

two quantities y . ^ ^^ and y . ^ > + 5y . i; — sr tend to 

6xdy cxhy cxcy 

equality with yx\ and d^dyU^... which always lies be- 
tween them, tends to d^dyU as its limit; the three limits 
are therefore equal; consequently, 

dgdyU = y% ; 

Now the volume of PO is equal to ji j^af, and its moment 
about Ox is 

wherefore, by Art. 135, 

yJJy^'^fJi^dy^) (2). 

By a similar investigation, we should find 



p 



And observing that the centre of gravity of the parallel- 
opiped A is ultimately in its middle point, we should find 

'■f.f.'^-UfA'') W- 

Remaek. It is evident, that by taking an elements 
paratlelopiped, at right angles to the plane .vOm, we mighln 
also obtain 

^■■fJ.y = f.J.{'^y)7 

and if the elementary parallelepiped were at right angles 
to the plane yOx, we should find 

I i-f,f.'-f.M's), 

These formulee are, in fact, often more convenient than J 
those first given; and which are the most convenient is t 
be determined by the form of the body and its situation with I 
respect to the co-ordinate planes ; the choice must, however, f 
be left to the skill of the reader, as no general rule can be 1 
laid down. In every case, the greatest care is requisite to 
take the integrals between proper limits. 

All the three sets of formulte are comprehended in the 
following, — 

5-/,i/.i-/./,j:«. 

rbich maybe readily investigated after the manner of Art. 171, 

Ex. 1. Tojind the centre of gravity of the eiehtk part 

— I eUtpBoid. ~ 




The equation of the surface of the ellipsoid 



J 
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i 






6»ai» A J 



iH'^--f-^) 



6»j»»> 



This integral is to be taken from y = 0, to iir s ; or from 

h J 

yes Of to yes- y/a* — a;* ; and therefore 

a 

/Phis integral is to be taken from <t = 0, to ^ = a ; and 
therefore 

. - ftcTT 2a^ ^ 

Again, to find the value of f^fy ((v%) we observe that 

iy{pB%)^a!fyZ 

$ 



r 
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•■■/./.(•»«)-^-/.(«'«-'l 

which, taken between the same limits as before, viz. m = 0, 
and X = a, gives 



Similarly, ^ = 



Ex. 2. To find the centre of gravity of a portion of a 
paraboloid, comprehended between two planes passing throng 
the axis at right angles to each other. 



If a be its length, and b the radius of its base, the 
-ordinates of its centre of gravity will be 

_ 9 _ _ I66 



rd 

175. Tojind the centre of gravity of a surface of revo- 
lution. 

Employing the notation and figure of Art. 17S, let u be 
the moment of the surface generated by the arc AP, and 
therefore ^« the moment of that generated by PQ ; let S 
denote the former, and ^S the latter of these surfaces so 
generated. Then the moment of SS about Ot/ is greater 
than if it were all collected in the circumference of the circle 
described by P, and less than if collected in the circumference 
of that described by Q, that is. I 

H &u is greater than .v . SS, and less than (.v + ^,v) .^S; I 
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.-. -5- lies between w-r- and »-x- + SS. 
ow ow ox 

Equating the limits, as before, we have 

du dS ds 

aa aw aw 

.-. tt = ^wfiwyda). 
But 

u s the moment o{ S about Oy = xS^x '^irfiyda) ; 

.'. X'27rf{wd8)^27rf(wyd8); 

.'. xfiwds) = f(wyd8). 

And it is evident, from the symmetrical fonn of the sur- 
face, that y 8 0. 

Ex. 1. To find the centre of gravity of the surface 
of a cone. 

If a be the altitude and b the radius of the base of 
the cone, the equation of the line by which the surface is 
generated is 



bw 
a 



V\^ 



.-. d« = 1 1 + -^j dw; 



bar" / 6«\i 

= — .1+-. +C; 
2a \ a'J 

which, taken between the limits ai-O, and 01= a, gives 



f(sds)=.^b\M+¥. 
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Also, 

■6**/ 6?'\4 



fixyda) = y"— - U + - j dot 
which, between the same limits, gives 



/(wyds) = J a6 \/a^ + V ; 

.-. « = f a. 

Ex. 2. To find the centre of gravity of the surface gene- 
rated by the revolution of an arc of a circle about a diameter. 

The centre of gravity bisects the axis of the zone. 

Ex. 3. To find the centre of gravity of the surface genew 
rated by the revolution of a semicydoid about its axis, 

Ex. 4. To find the centre of gravity of the surface of 
a paraboloid. 

Taking the focus as origin of co-ordinates, we find the 
distance of the centre of gravity from the directrix 

sec* 1 

3i» 2 



sec* 1 

2 



Ex. 5. To find the centre of gravity of the surface gene- 
rated by the revolution of a node of the Lemniscate. 

- o 1 -cosJ20 
6' 1 -cosd 
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176. To find the centre of gravity of a surface of any 
form. 

If, in Art. 174, we use A to denote the elementary surface 
PS instead of the prism P«, we shall have 

the Umit of ^-y = \/n- (d^%y+ {d^ssy; 
and by proceeding exactly as in that Article, we shall find 

^ . U >/i + (d^^y + (d,zy = /,/y {a^^i ^ (d^zy + (d,zy], 



z.f4yy/i-\'{d,zy^{d,zy = /,/y {ssVi'^id^zy^id.zy}. 

178. To ^nd Me centre of gravity of d curve of double 
curvature. 

If we use S for the length of the curve line, and SS for 
the length of a very small portion of it, we shall have the 

limit of -^ = d^^y = \/l + (d^yy + {d,%y^ and it will be 

found that 

xS^f:,^\/l + (d,yy + {d,zy, 
yS = /,y >/i + {d^yy + (d,^)^ 

^*y = j!;i^^/l + (d,y)« + (4i5f)^ 

179. We shall now add a few examples of finding the 
centre of gravity when the density is variable. Questions of 
this kind depend upon the formulae of Art. 134, viz. — 

^" S(pF) ' ^" 2(pF)' ^"^(/^\ 

180. To find the centre of gravity of a physical lincy the 
density of which, at any point, varies as the n!^ power of its 
distance from a given* point in the line produced. 
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Let AB be the given line, and 



I I 

B 



C the given point ; fi = the density ^ ^ ^ ^ 

at a point in AB^ whose distance from C « 1 ; as CAy 
h = CBy *v s CPy Sw = PQ, Since a physical line is of uni- 
form thickness throughout, we may take the length of any 
portion of it as the measure of the volume of that portion ; 
hence S/v = the volume of PQ^ and as the density varies as 
(distance from Cy ; 

.*. 1* : J?" :: /I : /u«a?". 

Wherefore the density at P is /txa?", and PQ is ultimately 
of uniform density, therefore the mass of PQ is 

.-. the mass of AB = ^{jiof^hx) 

= fx2(Wa?) 



Ag 


a^+' 


+ 


C 


M ' 


n + l 


M 


n+l 


> 



between the limits «r = a and w ^h. 

Again, the moment of the mass of PQ about C, 

/. moment of AB about C =^ fifaf'^'^daf 





M 


a?" +2 


+ 


C 




n + 2 




■ a 


6"+«- 


o" 


i+« 




f^' 


/i + 2 


> 



between 'the same limits as before. 

\ 

■ 

... Wherefore x being the distance of the centre of gravity 
of the line from C, we have 
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_ 2(pF») 



n + 1 6^+»-a*+* 



Rbhaek. When n « - 1, 






-/lA.log^af+C 

a 

And /i*j!;a^+'»/i*(6-a); 

6 — a 



,'. SB = 



- (-.) 



Again, when « — — 2, 

M (6 - o) 



o6 



and /iijaf*'^^ dw := fi I — 



= fAlog,-; 
a 

- ah h 

• « = - — - . logg - . 



Ex. 2. 7*0 ^nd rte centre of gravity of a triangular 
plate^ of uniform thickness^ the density of which at any 
point varies as the n^^ power of its distance from a line 
through the vertea; parallel to the base. 
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Let ABC (fig. 37) be the triangle, CD a line through 
its vertex parallel to its base; /& the density at a point in 
the triangle at the distance 1 from CD\ P, Q two points 
in AC very near each other, through which draw Pp^ Qg 
parallel to the base ; b » AC, c » AB^ x cs CP^ Sw « PQ^ 
» = z CAB = ACD. 

Then the density at every point in the line Pp^/uL(w9in0)\ 
which may be ultimately taken as the density at every point 
of the element Pq, We may regard Pq as a parallelogram, 
whose base Pp 

wc 
= -r- , by similar triangles ACB^ PCp ; 

and whose altitude is PQ sin O^hw.AaO^ its area, which 
we may take as the measure of its volume, is therefore 



xc ^ 
= — . o<v . sin d ; 
h 



and its mass 



^ lii{jo sin 0)" . T . (B^w. sin Q 



= ^(a?sine)«+^5a?; 





,\ the mass of the triangle 



= 2te(«sind)*+*Sa?} 



y.(8ine)"+V^*^'da? 

6 ^ n + 2 

IkC . . ^. ^, ft""*"* 
fV-(sine)-+^ 

nc 



n-f2 



. (6 sin ey^K 
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And the moment of the element Pq about CD 

= — (^ sin Qy"^^ Sw . 0? sin d 
6 

» ^ (a? sin «)«+« 5a?. 



Therefore the moment of the triangle about CD 

= ^ .f(x sin ey+^dar 

= ^(sin0)"+^ +C 

b ^ n + 3 

= — (sm 9) "+* . 



b n + 3 

tic 



n + S 



.{bsiney-'K 



Wherefore, if a line passing through the centre of gravity 
of the triangle, parallel to the base, cut AC at a distance x 
from C, the distance of the centre of gravity from CD will 
be ^sind, and 

^^ .(6sine)»+* 






^^ .(fesin0)»+^ 



n + 2 

n + 2 
n + 3 



.bsind; 



. n + 2 

• • X ^^ • ^c* 

n + 3 

And if CE be drawn bisecting the base, the centre of 
gravity must be in that line ; hence we have two lines passing 
through the centre of gravity, and consequently it is the point 
of their intersection. 

Ex. 3. To find the centre of gravity of a quadrant 
of a circle^ the density at any point of which varies as the 
n^^ power of its distance from the centre. 
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Let ACB (fig. 38) be the quadrant; CD, Cd two radii 
Icing angles with CA resj^ectively equal to d, d-f ^0; 
T = a, CP ^ Cp^Ty PQ ^pq^Sr; fi^ density at the 
dance 1 from the centre; therefore the density at P or 
« /A r*. Now we may ultimately consider Pq as a paral- 
:>gram, whose sides are PQ and Pp, or ^r and r^d, and 

area «: r^r. ^d, which may be taken as the measure of 

volume; and its mass 

,'. mass of the quadrant = f^fr (m^"*"')* 
Now L Oxr«+0 = -^ . r"+^ + C 

. a"**"* from r = 0, to r ss a« 



n + 2 



mass of the quadrant = . fio""*"* 



'^ .a»-*-*0+C,frome=Oto0= - 



w+2 2 






n + 2 2 

Again, the moment of Pq about CB 

= /Lir".r5r . 50.rcos0; 
.-. moment of quad, about CB = fefrifir^'*^^ cos 0). 

But £ (ur»+^ cos 6) = -?^.r"+«cosd + C 



n + 3 



. a*+^cos0; 



moment of quad, about CB =. • /eo"'*"'^ cos0 



n + 3 



w + 3 
tween the same limits as before ; 



— . a»+S 
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^ •a^+« 



n+8 






n + 2 2 

fi + 8 Sa 
n + S* IT * 

And it is manifest, from the symmetrical form of the 
figure, with regard to CA and CBy that y^x- 

Ex. 4. A sector of a circle ACB (fig. sg) recdcea round 
one of its radii AC through a given angle (fi)9 and generates 
a soUdy the density at any point of which varies as the (n)^ 
power of its distance firom the centre C ; to find the centre of 
gravity of the soUd. 

Since the solid is perfectly symmetrical with regard to 
a plane passing through ACf and bisecting the angle /3, the 
centre of gravity must be in that plane. Let CA be the 
axis of w, and a line in the plane BCA at right angles to 
AC, the axis of y; the axis of x being at right angles to 
both; 

- - i3 
.'. » y tan — . 

Leta-ulC,a»/ BCA,0'-ECA,S0^FCE, CP^Cp^r, 
PQ^pq^ir, fi^the density at the distance 1 from C. 
Then the area of the parallelogram Qp 

^rSe.^r; 

and when the sector revolves about AC, this parallelogram 
generates a volume 

ursine. fi.rSe.^r 
«)3r»5r.8ine5d; 

for P's distance from AC is r sin 0, and in revolving through 
the angle jS, the length of its path is r sin . /3. The density 
of this volume 
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and therefore the mass of the element generated by Qp 

= /iir«.)3r«5r.sind.S0; 
.*. the mass of the solid = fififefr''^'^^ sin 0, 

But tr'+*sine« .8in0 + C 



^n+8 



« + 3 

from r^Of to r = a ; 



. sin d, 



.\ the mass of the solid = . 0"+^ & sin 

n + 3 "^ 



n + S 

Mi3 



n + 3 



. a"+^(l -cos a) 



^^^ »+3 • 8* 

. o +' sm' - , 



n + 3 
from s 0, to B a. 

Again, the moment of the elementary mass with respect to 
the plane yz 

= /bi/3r*+«sine.5r.5fl.rcose; 
.•. the moment of solid = fJ^fifefr (r*^^ sin cos 0) 

M/3 



n •{• 4f 



,ar^^fQ(sm0cos0) 



«4.-^.a*+*sin«e + C 
* w + 4 

■= * . , a ^ sin a ; 

- n + 3 sin* a 

.'. a? ■= i • 7 • a • — — 

^ w-j-4 . a 

sm* — 
2 

w + 3 ^a 

«= . a cos* - . 

W + 4 2 
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In order, to find ^^ we must divide the volume generated 
by the revolution of the parallelogram Pq into elements ; 
to this end, let there be two planes passing through AC and 
inclined to the plane BCA^ at the angles ^ and ^ + S^ 
respectively; then the portion comprehended between them 
will be equal to the volume generated by Pq^ in revolving 
through an angle ^0, and therefore is 

= r sin 9 . h<f> . tIQ . Sr 
^r^Sr. sine S0. Sip. 

And the density of this element is yur*, and therefore its 
mass is 

fir'^+^Sr. sin 0S0. Sep, 

and its distance from the plane JBC is r sin . sin (p, as 
is evident from the construction; and therefore its moment 
with respect to the plane wy 

= Mr"+'5r . sin«050 . sin 05^; 

therefore the moment of the solid with respect to the plane 
cry 

-M/r/eA(r"^^sin«esin0) 

^^./e/^(sin«esin<^) 

fg(- sin^dcos0 + C) 
fi (1 - cos j3) sin« e, 

« 

taken from = 0, to = )3. 

Now /esin^d = i/e(i -cos20) 

= i(d-isin2e) + C 
a sin 2a 

taken from = 0, to r= a ; 



/*«"+* 


n + 4 




7i + 4 
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therefore the moment of the solid with respect to the plane xy 

a (1 -cosj3)4(a -A sin 2a), 

«= sin** — (a — sm a cos a) ; 

. ,i8 

sin'^ — 

- n + S a 2a — sin a cos a 

• f^ ^^ _^__^_^___ • 

n+4 2 a 3 

sin**- 
2 

- - i3 
and therefore v = ;» cot - 

•^ 2 



n + 3 


» « 

2 


cos — 
2 


sin 


/3 

2 


a 


— sin a cos a 


W + 4 


• 9 


a 


■^^ • 


/^ 



o 



Ex. 5. Find the centre of gravity of a cone, the density 
at every point of which varies as the square of its distance 
from a plane through the vertex parallel to the base. 



_ 5 

a? = - of the cone's axis. 



Ex. 6, Find the centre of gravity of the eighth part 
of a sphere, the density at any point, whose distance from 
the centre is «, being proportional to 



- sin — , 
8 2a 



where a denotes the radius of the sphere. 

- -, - / 2- 
« = y = 2? = a|l 



8 



UULDIN'S PROPERTIES. 

181. The surface generated by a eiirve line, 
revolves about a Jixed axis, is equal to the product of the 
length of the curve line by the length of the path described 
bjf it» centre of gravity- 

For let AB (fig. 33) be the curve Hue, and O.v the line 
about which it revolves through an angle 6; then using the 
•une notation as in Art. 170, the point P describes an arc 
■ yS, consequently the arc PQ describes a zone, of which 
the length is yO ultimately, and the breadth = Ss ; hence 
tJ»e area ot the zone is ultimately ^ OySs ; and therefore the 
art* of the whole surface generated is 

= -S.(9yS^) = efyd>,-, 

the integral being taken between the limits corresponding to 
» - OC. * - OD. 

But if y be the distance of the centre of gravity of the 
Mtc AB from the axis Ox, we have shewn in Art. 170, that 

y . (arc AB) = fyds, between the same limits 

hence the surface generated 

= ey . {&rc AB). 

Now $tf is the length of the path described by the cenl 
of gravity, consequently the last equation expresses the pro- 
perty to be proved. 

182. The volume generated by a plane area, revolving 
about a Jiared axis in its own plane, is equal to the product 
of the area into the length of the path described by its centre 
of gravity. 

Let A be the revolving area; ^A a portion of it so small 
that it may be all considered to be at the same distance y from 
the axis. Then if 9 be the angle through which the area re- 
volves, &A will describe a volume which may be considered to 
be a thin cylinder bent into the form of a portion of a ring. 
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The area of the base of this cylinder is SJj and its length is 
yOy consequently the volume generated by 8 A 

and therefore the whole volume generated » 0^{ySA). 

But if y be the distance of the centre of gravity of the 
area A from the fixed axis, we have from the nature of 
the centre of gravity 

2(S^).y=2(t/S^), 

or Ay = -2 (yU) : 
hence the whole volume generated 

an equation which expresses the property which was to be 
proved. 
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CHAPTER VII. 



ON MECHANICAL INSTRUMENTS. 



183. Every machine, how complicated soever its con- 
ntruction, is found to be reducible to a set of simple ones, 
eMcd the Mechanical Powers. These, though authors differ 
ctttmiderably on the subject, are generally said to be six in 
number; viz. — 

1. The Lever; 

2. The Pulley; 

3- The Wheel and Axle; 

4. The Inclined Plane; 

5. The Screw ; 

6. The Wedge. 

I'hese are not the most simple machines; for, rods used 
III pushing, and cords used in pulling, are much more simple; 
III fact, every machine will be found to be a combination of 
li^vcTH, cords, and inclined planes, and these might conse- 
nuontly be called the simple Mechanical Powers, with much 
tfrofttcr propriety than the six before mentioned. As, however, 
ilumc are not very complicated in construction and application, 
Mild as levers, cords, and inclined planes do always, in actual 
iii'itctice, present themselves in machinery, in one or more of 
ilu'Hc six combinations, it will very much facilitate our en- 
quiries into any proposed machine, to be acquainted with 
llifir forms and the advantages to be expected from their 

In speaking of any machine, the force which is applied 
iv work it is called the working" power^ or, simply, the 
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Power ; the weight to be raised, or resistance to be overcome, 
is called the Weight ,- the point where the machine is applied 
to produce its effect is called the working point; and the 
fraction 

WrfRht 

is called the Mechanical Advantage (by some authors the 
Power, but this creates confusion by confounding it with 
the former definition of power) of the machine. 

181. Every machine is useless until put in motion, and 
therefore its parts ought to be so arranged and adapted that 
the given power may be able to overcome the proposed weight, 
and move it with the requsite degree of celerity ; but, in 
discussing the theory of the Mechanical Powers, it will be 
sufficient to determine the ratio of the weight to the power 
when they balance each other, for then the slightest addition 
made to the power will cause it to preponderate and put 
the machine in motion. 

185. It is very important to remark, that when a power 
is employed in working a machine, a very considerable por- 
tion of it is found not to reach the working point, being 
spent in overcoming the stiffness of the cords and the rough- 
ness of surfaces which rub against each other. Much power 
is also lost through the imperfection of workmanship, the 
bending of rods, beams and other materials, which are intend- 
ed to be rigid, the resistance of the air, &c. ; but the intr<>- 
duction of the consideration of these things, though very 
important in a practical point of view, would only tend to 
embarrass the student by rendering our investigations tedious 
and perplexing. We shall therefore at first suppose cords 
to be perfectly flexible, surfaces quite smooth, workmanship 
geometrically exact, rods and beams perfectly rigid, the air 
to offer no resistance ; &c. 

"It is scarcely necessary to state, that, all these suppoi 

Bitinns being false, none of the consequences deduced from 

tliem can be true. Nevertheless, as it is the business of Art 

I bring machines as near to this state of ideal perfection 
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as possible, the concluatons which are thus obtained, tbougfa 
false in a strict sense, yet deviate from the truth in but a 
Btnall degree. Like the first outline of a picture, they re- 
semble in their general features that truth, to which, after 
many subsequent corrections, they must finally approximate. 

" After a first approximation has been made on the several 
suppositions which have been mentioned, various effects, which 
have been previously neglected, are successively taken into 
account. Roughness, rigidity, imperfect flexibility, the reaat- 
ance of air and other fluids, the effects of the weight and 
inertia of the machine, are severally examined, and their 
laws and properties detected. The modifications and cor- 
rections thus suggested, as necessary to be introduced into 
our former conclusions, are applied, and a second approxima- 
tion, but still only an approximation to truth is made. For, 
in investigating the laws which regulate the several effects 
just mentioned, we are compelled to proceed upon a new 
group of false suppositions. To determine the laws which 
regulate the friction of surfaces, it is necessary to assume 
that every part of the surfaces of contact are uniformly rough ; 
that the solid parts which are imperfectly rigid, and the cords 
which are imperfectly flexible, are constituted throughout 
their entire dimensions of a uniform material; so that the 
imperfection does not prevail more in one part than another. 
Thus all irregularity is left out of account, and a general 
average of the effects taken. It is obvious therefore, that 
by these means we have still failed in obtaining a result 
exactly conformable to the real state of things j but it is 
equally obvious, that we have obtained one much more con- 
formable to that state than had been previously accomplished, 
and sufficiently near it for most practical purposes. 

" This apparent imperfection in our instruments and 
powers of investigatiun, is not peculiar to Mechanics; it per- 
vades all departments of natural science. In Astronomy, the 
motions of the celestial bodies, and their various changes and 
appearances, as developed by theory, assisted by observation 
and experience, are only approximations to the real motions 
and appearances which take place in nature. It is true that 
these approximations are susceptible of almost unlimited accu- 
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racy ; hat still they are, and ever will continue to be, only 
approximations. Optics, and all other branches of natural 
are liable to the same observations*." 



I. On the Levt 



186, Def. a Lever is a rigid rod straight or bent, 
moveable in a certain plane about one of its points, wfaicfa ■ 
is fixed and called its fulcrum. 

187- In a lever the power and weight are to each other 
inversely as the perpendiculars from the fulcrum upon the 
directions in which they act. 

(Both the power and weight are supposed to act in tiwl 
plane in which the lever is moveable, which is technically ■ 
called the plane of the lever). 

Let AB (figs. +0, 42) or AC (fig. 41) or BC (% *3)J 
be a lever whose fulcrum is C\ A, B the points at which | 
the power P and weight W act; CY, CZ perpendiculars 
from C upon their directions. Then the equilibrium will 
not be disturbed by applying at C two forces P, P' pa- 
rallel and equal to P, and two others W, W parallel and 
.equal to W. We have thus, six forces acting on the lever, 
of which (P, P") and (W, W") form two couples, and the 
two remaining forces P', W' being counterbalanced by the 
reaction of the fulcrum, may be removed. Hence the 
couple (P, P") whose arm is CY, balances the couple 
{W, W") whose arm is CZ, consequently their niomentB- 
must be equal; 

P. . P .CY= W . CZ. 
188. To fnd the pressure on the fulcrum C. 
We have shewn that P and W are equivalent to two 



forces P, W acting at C, and two equal couples (P, P"), 
(W, W") ; these couples may be removed, because they are 
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equal and opposile, and therefore balance each other. It 
appears then, that P and W are equivalent to P" and W 
acting at C. Consequently the pressure on the fulcrum is 
the same as if the power and weight were both transpoaed 
to it parallel to themselves. 

189. We have considered the weight of the IcTcr in- 
considerable when compared with P and W, but if this 
should not be the case, let w be its weight, G its centre of 
jfrarity. Then we may suppose the whole force «j, which 
gravity exerts upon the lever, to be applied at G; this 
force may be converted into a couple whose moment is 
to.CG, and as there is an equilibrium between the three 
couples, the sum of tiie moments of the two which act in 
one direction (i. e. positive or negative) must be equal to 
that of the third; 

-■. P.CY+w.CG= tV.cz, 
the equalio[i of equilibrium in this case. 

190. Examples of levers of the same kind as the one 
in fig. 40, are the common balance, steelyards, pokers, &c.; 
and scissors, pincers, &c. are instances of two such leven 
having a common fulcrum. 

Examples of levers of the same kind as those in figs. 
41 , 43, are the oars and rudders of boats, cutting-knives 
moveable about one end, Sjc. ; and tongs, sheep-shears, SiC. 
are instances of the combination of two such levers with a 
common fulcrum. 

Examples of the bent lever, in fig. 42, are gavelocks, 
jemmies, bones of all animals, &c. 

191 ■ We have defined a lever to be a rigid rod, but 
we may consider any rigid body having a fixed axis as a 
compound lever, whose fulcrum is the axis; and if powers 
P„ Pj, P^...P„ act upon this lever, and balance the weights 
ir,, W^, W^ W„, then 



PiPi + ^sPi + ■ 



r Z(/'/>) = 2(frw). 
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The powers and weiglits being supposed to act in planes 
at right angles to the axis, and p,, pj...p„; w^, mJj.,.w„ 
being tlie respective perpendiculars from the axis upon the 
directions in which the powers and weights act. 

This may be proved as before, by converting the powers 
and weights into couples, and then transposing them into 
one plane; and it will also appear, that the pressure on the 
axis or fulcrum is the same as it would be if all the forces 
were transposed in their own planes parallel to themselves 
to the axis. 



II. On the Pulleij. 

192. Def. a Pulley is a. wheel of wood or metal, 
turning on an axis through its centre at right angles to its 
plane, and usually enclosed in a frame or case, called its 
block, which admits a rope to pass freely over the circum- 
ference of the pulley, in which there is usually a groove 
to receive it, and prevent its slipping out. The pulley is 
said to be Jiwed or moveable, according as its axis is sta- 
tionary or not. An assemblage of several pulleys is called 
a system of pulleys. 

193. It will be necessary before investigating the pro- 
perties of the pulley to premise, that if a cord be stretched 
by two equal forces applied at its extremities in contrary 
directions, there will be a tendency to break; the force 
which the rope, in consequence of the cohesion of its par- 
ticles, exerts to resist this tendency, must be equal and 
opposite to that which causes the tendency; it is called the 
tension of the rope. Hence tension is a force which is 
exerted equally in every part, tends from the extremities 

^vf a cord towards the middle, and is always equal to either 
of the equal forces, by which the cord is stretched. If 
one end of the cord, instead of being acted on by a force, 
be fastened to a fixed point, the tension will not be altered; 
for the fixed point will, by its reaction, exactly supply the 
place of the 
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194. ill ik9 ^ki§k Jitmi jmUv Om 

Let JBK {tig. 44) be the pulky, C its ocatre, CN ki 
block; P and IF the power and wright actii^ aft die ez- 
trenities of die omd paaiiig over the policy, and havii^ 
the part AB in contact with it. Then we may eouidcc JBI 
aa a lever whoae fnlcnm is C, and dteicfiite dmwinig the 
tndi CJ, CB to the points J and ^ we have 

P.CJ^W.CMi 

.-. P- W. 

Hence it appears that no wfritanical m d^mmi mge is gained 
by the use of dns pulley; the only purpose tar wUdi H 
is used is to chss^ the dunection in whidi a tone is trsos- 
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TisMpose the Ibices P and W to that point, wmd put 

• Ibr the ai^ at which JP and BW are indined to each 

odier, and let Jt be die prcMure» which i^ of course^ the 

resuhant of these tra n ayosrd forces, and bisects the angle 

b et we e n them; hence resolving these forces in the directioD 

of jr» wefind 



JH » Pcos- -I- Pcos - 

«2Pcos~. 

Thi» pressure is transmitted to 3r» the fixed point to 
the block k attached. 



19& /n ike dmgfe a ig ee wl le pulley, ike pomer i» io 
Me wnghi :: 1 : 2 X c s ttne ef keif ike eae^ heimee n Ae 

Let the power P act aft the e xtu s sitj P of the cord 
PABD (fig. ^)y which paanair «*^^ the pdky has die 



part AB in contact with it ; and its other extremity fastened 
at 2>. The weight W hangs from the block at N, 



tctly as in the last case, we find the pressure on the 
mtre C to be 



^Bentr 

^■9 being the angle between the strings JP, BD; this force ' 
^ns transmitted through the block in the direction CN^ 
^Hwcting the angle d, wherefore the action of W must be equal 
^"to it and in the opposite direction, otherwise there cannot ] 
be an equilibrium ; 




The greatest possible advantage will be gained when thl 
[ strings are parallel, for then 9=0, and cos- ■ i, 
and therefore W = 2P. 

198. If the weight pf the pulley and its block be con- 
'tiderable, it must be considered as an additional weight, and 
idded to W in the above expressions. 
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199. To Jind the condition^ of equiKbrium in a 9ystem 
of pulleys, where each pulley hangs by a separate string, 
the strings being all parallel. 

Let J„ A.^, ^3... (fig. 46) be the pulleys; if,, if^ Jf,..^ 
the points where the strings are fastened to an immoveable 
block. Then P is the tension of the string passing under 
A^, The two strings -4,P, A^M have to support the tensioD 
^f NiA.^\ N\^i and M2A2 support that of N^A^, and ao on; 
therefore, 

(P=) tension of A^P : tension o{ N^A^ :: 1 : 2, 
tension of N^A^ : tension of N2A3 :: 1 : 2, 

tension of N^A^ : tension of N^W (= W) :: 1 : 2 ; 



.\ P : W :: I x l x 1 x : 2x2x2 

If n be the number of moveable pulleys, then 

P : FT :: 1" : 2"; 
.-. W^=2-P. 

200. If the weights of the pulleys and blocks are con- 
siderable, let ^1, ^5,, -^3... represent the weights of the pulleys 
and blocks denoted by those letters in the figure; and let 
Ti, 7^2... be the tensions of the strings JV,-42» N^A^... Then, 
as before, the weights of the pulleys must be added to the 
tensions of the respective cords which they support; 

.-. P : 7", + ^, :: 1 ; 2; 
.-. T, = 2P-Jy 

Similarly, T, = 2 T, - A. 

= 2-'P- 2Ai-A,, 
Ts = ^T,^A, 

and so on, the law being manifest; then, since the tension 
of the last string = PF, we have 

ir«=2"P- r-'A, ^r"A., -^'-^A-," - a^. 
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It appears from this expression, that the weights of the 
pulleys diminish the advantage of this system. 

201. If all the pulleys are equal, then 

fr=2»P- Ji(2''-^ + 2»-2 + + 1) 

. 2" - 1 

= 2"P- Ai 

2-1 

= 2"P- (2»- 1)^, 

Hence, if we suppose both the power and weight dimi- 
nished by the weight of a pulley, we may then neglect 
the consideration of the heaviness of the pulleys. 

« 

202. In the system (fig, 47) where each string is at- 
tached to the weighty let T^i, Tg ... be the tensions of the 
first, second... strings; then if the weights of the pulleys 
are inconsiderable, we have 

Ti^ZT^ = &°P, 

and if there be n separate strings, 

7*, = 2"-' P. 

Now W is supported by the tensions of the n strings, 
fastened to the block B, and 

.-. W~Ti + Tt+ + T, 

= P(1 +2 + 2*+ ...2"-') 

2-1 
^ P (2" - 1). 
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203. In the system (fig. 48), let T^p Tt... be the tensions 
of the first, second ..« strings; then 7^, « P, and T^ has 
to support three tensions equal to P; therefore 

T^^sTt^s^P, 

T.^ST^^S^P; 

and if there be (n) difl^erent strings, the tenison of the last is 

Now the weight W is supported by two strings whose 
tensions are T',, two of which the tensions are TV^ &c. ; 

.-. »r=2T, + 27^2+ +2 7", 

= 2P.(1 t S + 3*+ 3— >) 

3" - 1 

= 2P. 

3-1 • 

= P.(3»-1). 

Remark. If the weights of the pulleys and blocks are 
not inconsiderable, they may be taken into account, in this 
and every other system, by adding each to the tension of 
that string which supports it, as in Art. 200. 

204. In the system, fig. 49, the weight W is sup- 
ported by the tensions of all the strings at the lower block, 
and as it is the same string which passes round all the 
pulleys, the tension of every part=sP; wherefore, if there 
be n pulleys in the lower block, there are 2n strings sup- 
porting the weight, and therefore 

?r=2nP. 
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III. On the Wheel and A.vle. 

205. The wheel and axle consists of a cylinder and a 
wheel firmly attached to each other, and being moveable 
about a fixed a\is coinciding with the axis of the cylinder, 
and passing through the centre of the wheel at right angles 
to its plane, as in fig. 50. 

The power P acta by means of a cord wrapped round 
the circumference of the wheel C, and the weight W is 
fastened to a cord which is wound upon the cylinder AB 
as P turns the machine round its axis; and thus W is 
raised. 



206. To Jitid the condition of equilibrium on the wheel 



and awle. 



V as forces acting up 

Lnd therefore their moments 



We may consider P and I 
rigid body with a fixed axis, ^ 
about that axis must be equal; 
.■. P X (perpendicular upon its direction from the axis), 
— W. (perpendicular upon its direction from the axis). 

Now these perpendiculars are respectively the radii of 
the wheel and of the cylinder; 

/. P. (radius of the wheel) = H'. (radius of the axle). 



207. If the thickness of the 
must be taken into account. 



ipe be considerable, it 



We may suppose the actions of P and W to be trans- 
mitted along the middle or axis of the rope, and then the 
perpendiculars upon the directions of P and W will be 
respectively equal to 

radius of wheel + radius of rope, 
and radius of axle + radius of rope, 
and the condition of equilibrium is 
I P. (rad. wheel + rad. of rope) = ir(rad. axle + rad. of rope). 
^L This diminishes the ndnantage of tlie machine. 
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208. The pressure on the axis of this machine may be 
found by transposing P and W in their own planes, parallel 
to themselves, to the axis. 



IV, On the Inclined Plane. 

209. This machine is nothing more than a plane inclined 
to the horizon. The condition of equilibrium may be thus 
found. 

Let AB (fig. 51) be the plane; AC parallel and BC 
perpendicular to the horizon ; W the weight, P the power. 
Draw WR perpendicular to the plane, WG perpendicular 
to the horizon. P is supposed to act in the plane RWB, 
The weight W is kept at rest by three forces, viz. P in 
the direction WP\ gravity (= W) in the direction WGy 
and reaction R of the plane in the direction WR, 

Denote the angle PWB by 0, and the inclination BAC 
of the plane to the horizon by i\ and resolve the three 
forces, acting on the point FT, in a direction parallel to the 
plane, the sum will be 

PcosPfFfi- W cos AWG ^ R Qos RWB 

=5 P cos — ?F . sin i. 

But since there is an equilibrium, this sum must be 
equal to zero, 

.-. Pcos0 = PTsini, 

which is the condition of equilibrium. 

210. If P's direction should happen to be parallel to 
the base, Q = and cos = 1 ; 

.\ P= Wsini. 

But if P*s direction should happen to be parallel to the 
horizon, = - ?* and cos (- i) = cos i ; 

.*. Pcos i = W^sin i; 

.'. P = F'f'^tan i. 



211. To find the reaction of the plane. 

Resolve the forces in a direction at right angles to that 
in which P acts ; 

.-. EeinRWP-W&iaGWP^Q, 

or if cos e - H^sin (90 + i + 6) = ; 



V. On the Screw. 

212. This mechanical power is a combination of the 
lever and inclined plane; it may be conceived to be thus 
generated. 

Let ABCD (fig. 52) be a cylinder ; BEFC a rectangle 
whose base BE is equal to the circumference of the cylinder. 
Divide this rectangle into any convenient number of equal 
rectangles GE, IK, CK ; and draw their diagonals BH, 
GK, IF. Then, if this rectangle CE be wrapped upon 
the cylinder, so that BE coincides with the circumference of 
the base, E, H, K, F will respectively fall upon the points 
B, G, I, C of the cylinder, and the lines BH, GK, IF 
will trace out upon its surface a continuous spiral thread 
BLGMINC winding uniformly up the cylinder. The cy- 
linder is usually made protuberant where the spiral line 
BLGMINC falls upon it so that the thread becomes a 
winding inclined plane, projecting from the cylinder as in 
fig. 53, and differing from the inclined plane BH* in no- 

• The follooing iUustratian renden this very clear:— 

" When B road directly ascends the aide of a hill, it is lo be coiuidned M 
an inclined plane; but i[ will not lose this mechatiical character, if, instead of 
Aitectlj ancendiiig towards the top of the hill, it winds suceuively round it, sad 
gradually ascends so as after revolutions to reach (he lop. In the lame manner a, 
path may be conceited to lunoutid a piUar by which the Mceot may be facilitated 
upon the principle of the inclined plane. Winding stain cunstmcted in the interior 
of great columns partake of this characlei ; foi although the ascent be produced b; 
successite steps, ;et if a floor could be made sufficiently rough lo prevent the feet 
from slipping, the ucent would be accompliihed with equal fadlitf. In auch ft 
case the winding path would be equivalent to an inclined plane, bent into moh > 

9 
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thing but Us winding course. This is the external screw. 
The internal screw is formed by applying the parallelogram 
BEFC to a hollow cylinder, equal to the former, and 
making a groove where the thread falls to fit the protuberant 
thread of the external screw. This internal screw is often 
called a mil, and the other the screw. When the two screws 
are thus adapted to each other, tlie external or the internal 
screw, as the case requires, may be moved by means of a 
lever about their common axis, as in Figs. 5-1, 55. The 
force being applied to the lever at right angles to it, in a 
plane parallel to the base of the cylinder. 

The screw and nut thus applied to each other, resemble 
two inclined planes, such as BHG and HBE, one of which 
is laid upon, and slides down the other; and as the planes 
wind round the cylinder a rotatory motion ensues. When 
the machine is worked, the weight is laid upon the mil, 
and thus causes its inclined plane to press upon that of the 
screw in the direction of gravity. The consequence would 
be, that the nut and weight with it would begin to slide 
down the thread of the screw and descend, but this 
prevented by confining the nut so that it cannot have 
rotatory motion, but only one of ascent or descent. The 
screw is then turned round by means of a lever passiDg 
through its head, and thus its inclined thread sliding under 
that of the nut, forces the nut and the weight upon it to 
ascend, just as by pushing the inclined plane EBH in the 
direction EB, the plane GBH would be made to ascend. 
One turn of the screw raises the weight through an altitude 
equal to the distance between two threads. Sometimes, 
however, the nut is firmly fixed so as to admit of no motion 
whatever, (as in Figs. 54, 55) ; and then the thread trf the 
screw, in sliding under that of the nut, forces the screw 
descend and press violently against any obstacle which may 
be opposed to it. In some cases the weight is not applied 
to the nut, but lo the screw; but as the two inclined planes 

form B.1 lo Bcmmmodale il lo thp peculiar circuraataEcea in which ii would Iw 
required lo be used. It will not be difficult id trace the reaemblMice bnwna 
ruch an adaptation of the inclitiEd plafie and the appearftnces presented bj ihs 
thread of ihejereiBf mid il may hence be easitj underaiood that a screw in a 
ntore than an inclined plane, conmructed upon the surface of a cylinder." — Capjai* 
KaTEh's Marhinti. 
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are perfectly equal and similar, it will require the same 
force to support a weight on one as cm the other, and for 
this reason one investigation will serve for both. 

As before observed, the screw is worked by applying a 
power P at the end of a lever; and the moment of P to 
turn the screw round 

= P X length of the lever, 
and therefore P is equivalent to a force 
P X length of the lever 
rad. cylinder 

acting immediately at the thread of the screw in a horizontal 
direction parallel to that in which P acts. Now the inclined 



plane on which W rests, by means of the nut 
wrapped round the cylinder; its inclination 
or base of the cylinder is therefore HBE. 

Hence, we have 

„ lensth of lever „ „ „ 

^*-T—f F^i W.IB.UHBE, 

rad, of cylinder 

BE 



is only BH 
I the horizon 



But the radii of i 
ferences ; 



length of lever 
rad, of cylinder 
circumf. by power 
circumf. of cylindei 



circumf. of cylinder 
trcles are proportional to their circum- 

cumf. described by power 
cii-cunif. of cylinder 
dist. between two threads 



= IF. 



circumf. of cylinder 
dist. between two threads 



" circurof. described by power 

As the distance between two successive threads can be 
made very small, and the circumference described by the 
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power aa large as we please, the advantage of this tuacbim 
JB very great ; and it is remarkable, that it does not depend 
upon the thickness of the screw. 

VI. On the Wedge. 

213. A wedge is the solid figure defined by Budid 
(Book XII. Def. 4) as a triangular prism. Its two ends are 
equal and similar triangles, and its three sides rectaDgular 
parallelograms, (see fig. tS). It is principally used in split- 
ting timber, and separating bodies which are very strongly 
united, and in raising very heavy weights through a small 
altitude, for the purpose of introducing a lever, or some 
other more convenient machine. AB is called its edge, 
CDEF its heady CABD and FADE its faces. 

When used, its edge is introduced into a small cleft 
prepared to receive it, and then bv violent blows with a 
hammer on its head its body is driven between the gtib- 
stances, which are thus separated by an interval equal to 
the breadth of the head. After this, a larger wedge may 
be introduced, if necessary, and treated as before, until the 
requisite degree of separation is effected. 

As the wedge is driven in by violent blows, if its sides 
were perfectly smooth it would start hack by the pressure 
of the obstacles upon them in the interval between the 
strokes; and thus we should fail in effecting and maintaining 
the requisite degree of separation, and the machine would 
be rendered useless. In practice, however, the friction in 
this machine ia always so great as to prevent any recoil, 
and forms, in fact, the principal resistance to be overcome 
in driving the wedge. The mode of working this machine 
will at once present itself to the reader as being totoBj/ 
different in principle from that of all the other machines 
we have described. These are made to work by the con- 
stant and steady exertion of a power, uniformly pressing 
upon that point of the machine at which it is applied, and 
gradually producing motion in the weight; but in this 
machine motion is accumulated in a hammer, by Gufferiog it 
(o descend from an altitude, and is suddenly by an « 
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transferred to tlie wedge. In this case it must evidently be 
a useless labour to attempt to calculate the ratio of P to 
W, when they act by pressures, as in the other mechanical 
powers, and are in equilibrium. It is true, when we know 
this ratio, a slight increase" of P will gradually produce a 
motion in fT, and thus separate the obstacles; but this 
mode of working the machine is so widely different from 
that actually practised, that it would be a waste of time 
and labour to attempt an explication on Statical principles. 
A slight stroke with a hammer is found to be far more 
effective than several tons of pressure. The only theoretical 
property of the wedge which agrees with practice is that its 
advantage is increase<l by diminishing its angle DBE. 

All cutting instruments, such as knives, swords, hatchets, 
chisels, planes used by carpenters, nails, pins, needles, &c. 
are modifications of the wedge. Of these, knives, planes, 
piDB and needles, are usually worked by pressure, but swords, 
hatchets, chisels, nails, &c. are worked by percussion. 



UENERAL PROPERTY OF MACHINES. 

214. If the nature of a machine be such, that when 
the power and weight balance each other in one position 
of the machine they will balance in every position of it, 
a very remarkable property appertains to it, deducible from 
the principle of virtual velocities, which we may state as 
follows : 

The power is to the weight as the space moved through 
by the weight when the machine is put in motion is to the 
space moved through by the power in the same time; the 
spaces being measured respectively in the directions in which 
the power and weight act. 

Let the whole space (measured thus) through which the 
power P moves be divided into a very large number of 

" This, however, supposes the sidH lo be perfectly amootli, for atherwiie the 
L fccdon itself, without the assistance of Miy power at all, would preserve the 
FlilqiiilibTilun, 
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spaces «i, *2»*-> *od let «',, s\... be the corresponding spaces 
described by the weight W\ then 



' ' » . 



But because P and W are always in a position of equilibrium; 
«], «'iy are their virtual velocities for the first position ; 

.-. P«i+ FT/, -0, 

Similarly Ps^ + Ws^ = 0, for the 2nd position 

P«3+Jr«'3«0, 5rd 



/. Ps + FT*' = ; 
P s' 

• ^^^^ ^^ ^^ ^^ 

W s 

This equation expresses the property enunciated. The nega- 
tive sign points to the fact^ that the direction of the action 
of one of the two forces P, W is opposed to the direction in 
which it moves. 

Mechanical powers possessing this property are; — 

(1) The straight lever supporting weights. 

(2) All the pulleys in which the strings are parallel. 
(S) The Wheel and Axle. 

(4) The Screw. 

(5) The Inclined Plane, only when the Power hangs 
by a string passing over the top of the plane. 

WHITE'S PULLEY. 

215. In the common systems of pulleys each pulley has 
its own independent centre of motion ; and consequently as 
they all move with different velocities and with different 
degrees of pressure, some of them will be liable to greater 
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wear than others, whicli will very much tend to increase 
the friction and other ine<iualities and resistances; and will 
greatly diminish the efficiency of the machine. To ob- 
viate these difficulties, Mr James White invented a. system of 
pulleys (fig. 57), consisting of two bloclts A, B; into which 
grooves were cut, the radii of those in the upper block 
being as the numbers 1, a, 5... and the radii of tliose ia 
the lower block being as the numbers 2, 4, 6,., Now, sup- 
pose the lower block to be raised through one inch, then 
each of its strings will be shortened one inch, and therefore ■ 
the circumference of the pulley BBt describes one inch ; that J 
of JA„ two inches; that of BB^, three inches, and so o 
which numbers being proportional to the radii of the re- 
spective pulleys, they will all move with the same angular 
velocity ; and, consequently, each block instead of being 
composed of separate pulleys may consist of one solid piece 
of wood or metal, containing the grooves before mentioned. 
The disadvantage of this system is, that if the cord be at 
all elastic it cannot be kept stretched in every part on ac- 
count of the tension not l)eing the same throughout, so that 
the smaller grooves are rather a hindrance to the motion 
than a help. 



HUNTER'S SCREW. 



316. We have seen (Art. 213) that the advantage of I 
a screw increases in proportion as the distance between th» 
threads diminishes, and as the length of the lever at which 
the power acts increases ; therefore, by making the threads 
of the screw sufficiently line, we may increase the advantage 
as much as we please; but there is a limit to the fineness 
of the threads; fur as all the weight is borne upon them, 
if they are too fine they will not be sufficiently strong to 
bear the load. If we, on the other hand, increase the 
length of the arm of the lever, with the view of increasing 
the advantage of the screw, the power will have to describe 
an inconveniently large circle. To obviate these natural 
defects, and yet increase the advantage to any degree, 
^Mr Hunter invented the screw in fig. 58 ; J and B are two 
mmon screws, of which A is also a hollow screw to admit i 
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B, which is fastened to the moveable plate D of wood or 
metal. If D, d be the distaoceii between two threads of 
the screws A, B respectively ; then, while the power describes 
one circumference, A descends through ZJ, and B ascends 
in A through d, and the space descended by the plane D 
is D-d-, for when A descends it carries B along with it, 
though B is at the same time ascending in J. Whear^an, 
by Art. Si*, 

P. (circumf. described by P) = W.{D-d); 

W circumf. described by P 



Now we can make D and d as nearly equal as we pleue 
without diminishing the strength of the machine, and there- 
fore the advantage of this screw admits of indefinite increase. 

217. It appears from Art. SOti, that the advantage of a 
wheel and axle is 

rad, of wheel 



rad. of axle 



which might theoretically be augmented ad libitum, either 
by increasing the radius of the wheel, or by diminishing 
that of the axle. But by the former means, the power 
would practically have to describe an inconveniently large 
space, and the machine would become cumberous; and, in 
the latter case, it would be too weak to bear the pressure 
of the weight upon its axle. To remedy these inconveni- 
ences, and at the same lirae to increase the advantage in 
any requisite degree, the form of fig. 59, has been given to 
it; where A is the wheel, B and C two axles of unequal 
radii, firmly fixed to each other, and having the same axis. 
The cord BDC as P descends is wound upon the axle B 
with the larger radius, and is at the same time unwound 
from the axle C with the smaller radius; it passes under 
a pulley D, to which the weight W is attached. Let B 
be the radius of the wheel, rr those of the axles B, C. Then 
when the machine turns once round, P descends through 
2irE, and the length of the cord wound upon B is Sirr, 
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and the length unwound at the same time from C is Stt/; 
wherefore, upon the whole, the length of cord hanging down 
from the axles is diminished by 

SttJ" - 2irr'; 

and, therefore, W has ascended through 



Wherefore, by Art. 214, 



.'. the advantage =■ - 



SR 
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As we can diminish the denominator of this fraction as 
much as we please, without weakening the materials of the 
machine, there is no limit to the advantage of it, except 
what arises from the very great length of cord that must be 
used in raising iV through a very small space. 

^B 218. This instrument is represented in its simplest 
^"^ferm in fig, 60, where JF is the profile of a frame in 
■which the rods AB, BC work. JB is moveable about a 
fixed axis passing through J; it is connected with BC by 
a compass joint at B ; and the other end C of BC, by 
means of a pin passing through it, is compelled to move 
in the vertical groove EF. The power is applied at G, a 
point in AB, in the plane of the rods ABC. It causes B 
to come nearer to AF; and, consequently, C presses down- 
wards upon any obstacle opposed to it. It is obvious this 
machine is only applicable in those cases in which C is re- 
quired to descend through a small space, as in printing, where 
it presses the paper upon the type. 

Let IV = the reaction at C, P the power applied hori- 
I Kontally at G, 9-= the angle BAF, a = AB, h = BC, c = AG, 
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and let OP interiect JF in p. Then OpL^metiaBj ad 
therefore the virtual velocitj of P 

'»d{Gp)^ccos0.d0. 

Also AF s a cos d + & cos BCAj therefore the virtual ve- 
locity of W 

= d{AF) « - a sin 0d0 - 6 tin BCA . d{BCA). 

a 

Now sin BCA = ■- sin ^ ; 

b 

and... co8BC^.d(5CJ)-?cO8 0de; 



/. the virtual velocity of W 

ss -asmd.ad -a sin 0.7. w^-. 

h cos BCA 

(a COS0 \ ./*,/* 
1 + 7 • ^r;7-: • a sm . oft 
6 cos BCA) 

Wherefore, by Art. HI, the advantage of the machine 

_ W c cos 0d0 

~ P "" / a COS0 \ . ^ -^ 
\ b cos BCA) 

c b COS BCA . a cos 

a ' a sin (a cos + 6 cos BCA) 

AG.Cb.bA 
" AB.Bb.AC" 

where 56 is drawn parallel to GP, 

219. A combination of wheels and axles may be used 
instead of the machine in Art. 21 ?» when that is incon- 
venient and great advantage is required. Fig. 6I represents 
a combination of three of these mechanical powers. An 
endless strap passes over the axle a and the wheel J3, and 
another strap passes over the axle 6 and the wheel C. If 
two successive wheels are required to turn in opposite 
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^tions, the strap must be crossed as between A and B 
the figure; when the wheels are to turn in the same 
direction, the strap must not be crossed. B and C are 
turned by the friction of the straps upon their surfaces; 
and hence it is manifest, that if the force to be overcome 
by any wheel be greater than the friction of its strap, the 
strap will slip round without carrying the wheel with it, 
and the action of the machine will cease. Wherefore, in 
order to malce the friction upon the surfaces of the wheels 
and axles as great as possible, they are covered with leather, 
which is nailed or glued on them; and both this leather 
and the concave side of the straps are suffered to be in a 
rough state ; the friction is also increased by crossing the 
straps. 

To calculate the advantage of this combination, denote 
the tension of the strings d and e by T, T" ; then since P 
balances the tension T on the axle a, we have, by Art. S06, 



IL Sir 

and, therefore, 
have 



T 


rad. 


of wheel A 




P 


rad 

r _ 


of axle a 
rad. of wheel 


B 






of axle 
of wheel 


b 
C 


and 


W 


rad. 



T rad. of axle i 
by multiplying these equations together. 



W product of radii of all the wheels 
P product of radii of all the axleH 



* TOOTHED WHEELS. 

230. By far the most general modification under which 
wheels and axles are used in practical Mechanics, is that of 
L^potli^fl wheels. 

Let A, a. (fig. 62) be the centres of two wheels BC, he; 
\ the circumferences of wliich let teeth or cogs D, £, F; 
e, /; of any proposed form, be raised at equal distances 
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all round ; in order that this may be possible, the radii "of flfe^ 1 
two wheels must be in proportion to the number of teeth that 
are to be constructed upon them. If one of the wheels (60 
for instance) be turned round its axis a, its teeth will press 
upon the teeth of the other wheel BC, and turn it round its 
axis ^ in a contrary direction, and as two corresponding 
teeth F, f separate from each other in consequence of thf 
motion, two others D, d come in contact; and thus the 
wheel ffl is enabled to produce a continuous motion in the 
wheel A. Similar teeth are constructed upon the axles of 
each wheel, and the axle so prepared is called a pinion, and 
its teeth are called leaver. From the nature of the wheel 
and axle it is manifest that motion is communicated to each 
wheel, in this modification, by a pinion in which it runs as 
in fig. 63, where P descending turns with it the pinion a 
which turns the wheel B, and this carries with it the pinion 
h which turns the wheel C and axle c, and raises the weight 
W. In this case, as in Art. 219, it is clear that 

W product of the radii of the wheels 



product of the radii of the axles 

radius of ^ product of number of teeth in the wheeli 



4 



radius of c product of number of leaves in the pinions 

Here there are no teeth in A and c, on which account we 
have not reduced their radii to equivalent numbers of teeth, 

221. In the description of toothed wheels we have 
said that the teeth or cogs are to be of any proposed form, 
because in fact they are commonly made in any form that 
meets the fancy of the maker. It must not be imagined, 
however, that all forms are equally advantageous, as we shall 
easily understand by referring to fig. 6a, and tracing the 
actions of the teeth upon each other during their motion. 
Suppose be to begin to turn round, and let us trace the 
actions of d and D. When d first comes in contact with B, 
the latter presses against the side of t^ in a single line of 
points, very near the extremity of d, in the direction of a 
normal to the side of d, that is, in the direction pD perpen- 
dicular to the radius ad. Therefore, drawing Ap parallel to 
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ad, the action of d may be transmitted to p, and its 
efficiency varies as Jp. But as the wheel be continues 
turning, the point of contact D slides along the side of d, 
and thus produces a very strong friction, and consequently 
rapid wear both of the side of d and of the edge of the 
tooth D. This goes on till d and D come into the posi- 
tion e and E, when their sides are for a moment in contact, 
and then the efficiency of d in turning D varies as AD. 

When the teeth d and D leave this position a similar 
action to what has just been described commences, only it 
is in a reverse order; and the edge of the tooth d presses 
against and rubs the side of the tooth D. 

It appears then, with teeth of the form of those in this 
figure, — 

1st, That the efficiency of the pressure which one tooth 
exerts upon another, and consequently the motion produced, 
is very irregular, being in one position proportional to Ap, 
and in another to AD. 

2ndly. That the edges of the teeth are subject to very 
rapid wear in consequence of rubbing with a single line of 
points in contact with the sides of the teeth of the other 
wheel, which latter is thereby also very soon worn hollow, 
and the whole rendered useless. 

Srdly. That in consequence of the rubbing of the teeth 
against each other much of the power is rendered ineSec- 
tiTe. 

i^i 4thly. That since there are favourable and unfavourable 
positions, the power must be sufScient to move the weight in 
the most unfavourable position with the requisite degree of 
celerity; and consequently, when the machine is in the 
most favourable position there will be an excess of power 
which will cause the machine to move much too rapidly, 
and often produce fractures; nothing in fact having so 
great a tendency to tear asunder the parts of a machine 
and render it useless as an irregular motion of this kind. 




From these consideration b it will at 
the best form of the teeth will be, when, — - 

Ist. The teeth of one wheel press upoa those of the 
other in such a direction that the efficacy may be uniform; 
that is, such that the perpendiculars upon that direction 
from A and a are of constant lengths. 

2ndly. The teeth of one wheel do not rub bat nS 
upon those of the other. 

Srdly. The motion of one tooth upon another is UDi&na. 

When these conditions are fulfilled, it is also necestaij 
that the distances of the axes of the wheels should be sud 
that as great a number of teeth may be in contact at one 
time as possible, and that there may be no jolting n« 
violence of any kind when two teeth separate or come in 
contact. These precautions will very much diminish the 
chances of fracture. 

Many forms of teeth have been proposed fulfilling one or 
more of these conditions, but it seems to be agreed on that 
the following is the best. 

222. Let JBD (fig. 64.) be a given wheel on which it 
is proposed to erect teeth ; and lei JB be the proposed 
breadth of a tooth. Upon AD wrap a string and fasten it 
at J}. Then unwrap it, beginning at A, and its extremity 
A will trace out the curve Aa called the involute of the 
circle AD. In a similar manner, describe the involute Bt 
intersecting the former in C ; then ACS will be the tooth 
required, which may be taken as a pattern of all the others 
to be formed upon the wheel. In a similai- manner the 
leaves of the pinion may be found, by first constructing a 
pattern by means of the involute of its circumference. Let 
PZ. be a position of the thread whose extremity generates 
the involute Aa; then we may suppose the point Z. to be 
fixed for an instant, and therefore P will begin to describe 
an arc of a circle whose centre is L, and therefore PL is 
a. normal to the curve AC, and OL the perpendicular upctv 
this normal is constant. In the same manner it mav'^ 
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'n, that tile perpendiculars upuii the normals to the leaves | 
r the pinion are all constant and equal to the radius of the I 
mion. Wherefore, since the leaves of the pinion press againit 

ke teeth of the wheel in the directions of normals at the points 
B contact, and the perpendiculars on these directions are al- 

itys of the same length, the action uill be uniform, and 
msequently the motion will be uniform also. 



THK ENDLESS SCREW. 

This machine, represented in fig. 65, consists of 
t screw A whose axis is BC -^ and a wheel and axle D, E; 
wheel being furnished with teeth exactly fitting the 
breads of the screw. The screw is turned by means of the 
inch CP, and its thread instead of pressing against a nut, 
I against the teeth of the wheel, and forces ihem for- 
ward; each turn of the screw or winch, advancing the wheel 
one thread of the screw; or, which is the same, one tooth 
of the wheel- The winch must therefore be turned round 
as many times as there are teeth in the wheel, in order to 
turn the axle E once round. Wherefore, putting R for the 
radius of the circle described by the power P; r for that 
of the axle E, and n for the number of teeth in the wheel 2>; 
the circumference described by P^aTrB, aiid therefore the 
space described in one turn of the wheel D 

= 2n'wR. 
But the space ascended by IF in the same time = the ! 
rcumference of the axle E 



Consequently, by Art. 214, 



ON BALANCES. 
sat. A balance is any instrument invented for the pur^' 
i of comparing the heaviness of different bodies; that is^4 
: ascertaining their weighln. 
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THE COMMON BALANCK. 



The common balance (fig. 66), consists of an inflexible 
rod JB, called the benm, resting upon a fulcrum C at its 
middle point; from its extremities J, B are suspended two 
equal scales D, E by means of fine chains or strings. The 
fulcrum C and the points of support are in the same straight 
line, but the centre of gravity of the beam is a little below 
C. In this state the balance when unloaded ought to rest 
with its beam AB in a horizontal position. If a weight be put 
into one of the scales, the common centre of gravity of the 
scale and its load will be in the vertical passing the point of 
support, (Art. 128); and therefore we may transmit both the 
scale and its load to the point of support. Wherefore, when 
weights are placed in the scales, we may suppose them placed 
immediately at A and S, and therefore the balance becomes a 
Dtraight lever whose fulcrum is C; and since the arms AC, 
BC are equal, there will be an equilibrium when the weights 
are equal (Art, 187). If the weights are unequal, let G 
(fig. 67) be the centre of gravity of the beam AB in the 
oblique position assumed in consequence of the inequality 
of the weights. Let m- be the weight of the beam, which 
by Art. ISO we may suppose to be placed at Gx S the weight 
of each of the equal scales; P, W the weights in D and E 
respectively ; 8 = the inclination of the beam to the horizon. 
Then the lever is kept at rest by three parallel forces, viz. 
S + P ai A, 6' + W at B, and w at G. The perpendiculars 
from C upon the directions of these forces are JCcoad, 
CBcosO, and GCsinO: therefore, by Art. 191, 



(S + P).ACc: 



.GCsin0 = (5-+ Wy.BC cosd; 



.: P.AC+w.GC tan 9 = W. BC, 



by dividing by cos 9, and observing that AC = Bd 
» 'GC' 



. (and- 



The sensibility of a balance consists in the beam attaining 
considerable obliquity, when the difference between P and W 
is extremely small; and therefore the obliquity attained by 
dilTerent balances when loaded with the same weights, might 
be taken as a measure of their respective sensibilities. As 



w 



W — P is constant in this case, and as 9 is very nearly equM 
to tan 9, we may use 

AC 
V3.GC 

as the measure of the sensibility. 

A different measure of sensibility is however generally 
used, which may be thus explained. Let ^ be the difference 
between fFand P which produces a. given very minute appre- 
ciable deviation 9' (which is the same for all balances); 

^ ^ -AC 
w GC 

■ S-,v ^^ 6' 

the ratio of the whole pressure P+ W +2S + w (Art. igi) 
on the fulcrum to this weight is taken as the measure of 
the sensibility, or neglecting 8' in this measure which is 
the same for all balances, and using 2P + 25' + m', for the 
pressure on the fulcrum, the fraction 

p+S + ^w AB 
^~7v "~GC 

is the measure generally employed. From either of thee^ 
measures we derive the following general results : — 

That the sensibility of a balance is increased, 

(t) By increasing the length of the beam. 

(2) By diminishing the distance of its centre of gra* 
vity from the fulcrum. 

(3) By diminishing its weight. 

For further information on subjects connected with the 
common balance, the reader is referred to Captain Kater's 
Treatise on Machines. 
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THE STEELYARD, OR ROMAN BALANCE. 

225. This instrument is a lever AB (fig. 68) with un- 
equal arms AC, CB; the fulcrum being C. As it is com- 
monly constructed, the longer arm AC preponderatea over 
the shorter CB; let therefore G be the centre of gravity 
of the beam AB, at which point we may suppose its weight 
u? collected. And let P, a given weight suspended from p, 
balance W, the body to be weighed suspended from B. Then 
(Art. 191) 

P.Cp+u!.CG= tr.CB; 



W~ 



P.Cp + w.CG 
~~CB ^' 



oc P.Cp + w.CG, 

"= Cp + ^.CG. 

Now let D be such a point thai when P is suspended 
from J), it just balances the beam; 

.-. P.CD^w.CG, 



.: WocCp+CDocDp. 

It appears therefore, that the weight W is proportional 
to tbe distance of p from D. If when p is at £, W is one 
pound, then making EF, FH, HI.... each equal to DE\ 

when p is at F, H, I ....W will be 9 lbs., 3 lbs., 4lbs...... 

respectively, and we may number the points E, F, H .... 

I, 2, 3 ,.,. respectively ; and if the spaces DE, EF be 

subdivided into sixteen equal parts, each of them will cor- 
respond to one ounce, and we shall be able to ascertain W 
with corresponding accuracy by sliding the weight P along 
the arm AC until it comes into such a position as to balance 
Wi and then reading off its place, which will be the number 
of pounds and ounces which express its weight. 
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The practical advantage of this balance is, that it requires 
but one weight P, and the pressure on the fulcrum, on which 
the friction depends, being equal to P + W, is less than in 
the common balance so long as the substance to be weighed 
is heavier than /*; on the contrary, however, when the sub- 
stance to be weighed is not so heavy as P, the pressure on 
the fulcrum is greater than in the common balance, and con- 
sequently the friction, which diminishes the sensibility of 
the machine, is greater ; and, therefore, for the determina- 
tion of small weights the common balance is to be preferred, 
both on account of the diminution of friction and also because 
small weights can be more accurately subdivided than small 
spaces on the arm. 



THE DANISH BALANCE. 

226. This instrument consists of a lever AB (fig. 6p), 
at one end A of which is fastened a given weight A, and 
at the other B a dish D to receive the substance to be 
weighed. The fulcrum or point of support C is made to 
slide along AB until the beam is horizontal, and by its place 
on the graduated beam AB the weight of the substance put 
into the scale-pan is determined. The method of graduating 
the beam AB may be thus investigated. Let G be the centre 
of gravity of the instrument (including the beam, weight A, 
and scale-pan* D), P its weight; W the weight in the scale D, 
Then we may suppose P applied at G (Art. 130), and since 
there is an equilibrium between P and Tf^ about the fulcrum (. 

.: W.BC=P.CG = P.iBG-BC) 
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HODERVAI. H BALANCE. 



which quantitieG are in harmonical progression, because tbdr 
reciprocals are in arithmetical progression. The spaces 0, 1; 
1, 2; S, 3;.... may be again subdivided, if necessary, and 
when this beam is thus prepared, the weight TV may be ascer- 
tained with as much facility as in the common steelyard ; but 
the disadvantage of this balance is, that as the weight increun 
the intervals between the divisions become smaller, and con- 
sequently it is not so well adapted for determining larg? 
weights as small ones. 



ROBERVAL'S BALANCE. 

227< This machine consists of four straight rods AB, 
Bb, ha, aA (fig. 70), forming a parallelogram in a vertical 
plane, and being connected by compass joints at B, b, a. A; 
at C and D the middle points of the rods AB and ab there ait 
fixed axes about which they are moveable; GE, FH are two 
horizontal rods rigidly connected with A a and Bb, from which 
the equal weights P and Q are suspended. The peculiarity 
of this balance is, that P and Q will he in equilibrium from 
whatever points of the rods GE and FH they are suspended. 
To prove this property, suppose the machine to be put in 
motion; then if A ascends, B will descend through an equal 
space; and as ABba must necessarily continue to be a 
parallelogram, Aa and Bb will continue parallel to CD, and 
therefore each vertical ; wherefore E will ascend and F will 
descend though spaces respectively equal to those described 
by A and B, and therefore equal to each other. It is also 
manifest, since Aa and Bb continue vertical during the 
motion, that GE and FH continue horizontal, and conse- 
quently the space ascended by P is equal to that descended 
by Q, wherefore they satisfy the equation of Art. 314, and 
are consequently in equilibrium in every position. 



CHAPTER VIII. 



ON rnicTioN. 



S28. Thk resistance to rotatory and progresBive motion 
m bodies which rub against surfaces with which they are in 
contact, is called /riciion, and is distinguishable into two 
"* jnda. 

(1) Statical friction, or resistance to the production of 
lOHon in a quiescent body. 

(2) Dynamical friction, or the resistance which dimi- 
ihes existing motion. 

Of these two kinds, since all machines are designed to 
wk, the latter is of more importance in practical Mechanics. 

229. There are three ways in which one surface can 
move upon another, and hence both Statical and Dynamical 
. friction are divided into three corresponding heads. 

L (l) When the surfaces in contact are two planes. 

' (3) When the surfaces in contact are a solid and a 

hollow cylinder. 

(3) When a cylinder rolls (without rubbing) upon a 
plane. 

The laws which govern the action of friction cannot be 
deduced from theoretical considerations, though theory will 
render us great assistance in our researches by pointing out 
the experiments which are most likely to lead us to the 
discovery of them, as well as shewing the in conclusiveness 
of other experiments, on which we might otherwise be in- 
duced to rely. It is to be regretted, however, that the 
. experiments which have been made upon the subject by 



different philosophers arc frequently' at variance: and, 
sequeotly, the theory cannot be said ti) have arrived at that 
fitat« of perfection which is desirable. 

230. Tlte statical friction of plane surfaces is, under 
tike circumstances, proportional to the pressure. 

For let JB, ab be two planes in contact, placed in 
a horizontal position, the lower one AB being firmly fised, 
but the upper one ah free to slide upon it. To ab attach 
a horizontal string bD passing over a pulley D, and having 
a dish C suspended from it. Load ab with a weight w, 
xaA denote the whole pressure of the plane ab on AB by W. 
Pour fine sand into the dish C until it begins to move, and 
then the weight of the dish and sand is the measure of the 
statical friction of the planes corresponding to the preBsure W. 
If ab be loaded with more weights until the pressure is SfT, 
the friction is found to be double of what it was before; 
when the pressure is SW, the friction is trebled; and so on- 
Wherefore the statical friction of plane surfaces is pn^xiT' 
tional to the pressure. 

This result was confirmed by Coulomb and Ximines for 
very considerable pressures ; in extreme cases, where tbe 
pressures were very large indeed, the friction was observed 
to be rather less in proportion than for small pressures; the 
deviation from the above law was however so small, even for 
extreme cases, that we shall hot fall into any very considerable 
error, in supposing the law to be universally true. 

The following method of establishing the property of the 
proportionality of the friction to the pressure, is very con- 
venient for experiments. 

Let the l>ody W (fig. 51) be placed upon an inclined 
plane AB, and then let the altitude BC be slowly increased 
until the plane has acquired such an elevation that IV be^ns 
to slide down it ; at this moment the friction just balances 
the weight W, and since it acts parallel to the plane in the 
direction AB, we may consider W as kept in equilibrium by 
a power in that direction, hence 



w 



(Art. 210) 



, (Art. 211) 



W 
pressure 
friction sin j 
pressure cos i 
.-. friction = (pressure) . tani. 

231. The fraction , is usually called the coeffl- 

pressure 
dent of friction, and is taken as its measure. It appears 
then, that in the last experiment the coefficient of friction is 
equal to the tangent of the inclination of the plane. 

232. It being granted that the friction is proportional 
to the pressure when the surfaces are given, then, whatever 
be the magnitude of the surface9 in contact, the friction will 
remain the same, so long as the pressure is iHe same. 

Let the body W (fig, 51) have faces, whose areas are C 
and D square inches; then when the first face is in contact 
with the plane, the whole pressure is supported on C square 
inches, and therefore the pressure on each square inch, is 
equal to 

pressure 

and therefore the friction upon each square inch of surface 
pressure 



Consequently the friction upon the whole surface 

pressure . . - . , 

= - — — -. tan I X number of square inches 



l-(p' 



Id the same way it may be shewn that the friction upon 
the second surface 

= (pressure) . tan i, 

and therefore the friction of a body is the same whether the 
surface on which it rests be large or small. When the surface 
is very small, the pressure on each square inch becomes very 
large, and then the friction, as observed in Art. 2S0, becomes 
somewhat less in proportion to the pressure ; and therefore the 
friction is less, in a slight degree, when the body rests upon a 
small surface than a larger. 

233. These are the chief properties of statical friction; 
it does not belong to us to investigate those of dynamic^ 
friction; but to make the subject complete we shall annex 
the following summary of results which have been obtained 
by various experimentalists. 

(l) Dynamical friction is a uniformly retarding force: 
and it diminishes as the pressure increases. 

This is only true when the surfaces in contact are hard; 
for in experiments made with bodies covered with cloth, 
woollen, &c. the friction was found to increase with the 
velocity. 

(s) In the same body Statical friction is greater than 
Dynamical friction ; i. e., it requires a greater force to put 
a body at rest in motion, than is requisite to preserve the 
motion undiminished when once it is produced. 

This was thought by Professor Vince to arise from the 
cohesion of the body to the plane when it is at rest, which does 
not happen when the body is in motion. 

(3) When a body of wood is first laid upon another, 
the Statical friction increases for a few minutes, when it 
attains its maximum, and no further alteration takes place. 
In making experiments, therefore, it is necessary to wait 
some time before the body is put in motion. 

(4) Friction between substances of the same kind is 
greater than when they arc of different kinds. 
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(5) The velocity has very little, if any, influence except 
when one body is composed of wood and the othec at metal, 
in which case the resistance increases with the velocity. 

(6) It is also found that friction is diminished by oiling 
and polishing the surfaces in contact. There is a limit how- 
ever to the latter, for if they be very highly polished, the 
resistance increases. 

(7) The friction of cylinders rolling on planes, is pro- 
portional to their pressures directly and their radii inversely. 

It is remarkable, that friction of this kind, unlike that 
between two planes, is not diminished by greasing or oiling 
the surfaces of the planes and cylinder. This kind of friction 
is much less than that produced by rubbing. 



ELASTIC tmUN«M. 



234. St&incs made of certain Bubstauces are found to be 
elastic ; that is, they admit of being lengthened by the appli- 
cation of forces to their extremities, and regain their original 
dimensions, or nearly so, when the forces are removed. Spiral 
springs composed of steel wire, such as the one exhibited in 
fig. 71, are found to possess the same property in a remarkable 
degree. The connection between the force which stretcher a 
string, or a spring of the )<ind here mentioned, and the in- 
crease of length cannot be investigated from mathematical con- 
siderations, but is to be determined entirely by experiments. 

Let MN (fig- 72) be a very smooth horizontal table ; AB 
an elastic string or spring laid upon it and fastened at A; 
W a weight stretching the string by means of a thread passing 
over the pulley C, whose position is such that ABC coincides 
with the table. Then, if W stretches the string to 6, and 
another weight W stretches it still farther to h', it is found that 

Bb : Bb' :: If : rr' ; 

that is, the cvcess of a given elastic siring or spiral spring 
above its natural length is proportional to the weight which 
stretches it. 

235. This excess is, in different strings of the soflis 
make and materials, proportional to their lengths. 

For the tension of a string being the same in everv part, 
if we divide the string into any number of equal parts, the 
increase of length in each part will be the same, and therefore 
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I increase of the whole string will be proportional to the! 
(sttnber of these equal parts which it contains: that is, t^l| 
I length. 

236. Consequently, upon the whole, theincrfase of length t 
f a string is proportional to 

(its length) -x (weight which stretches it). 

Wherefore, if Z. be the natural length of a string, and / its 
length when stretched by a weight W. 

ibere C denotes a constant dependent on the material, thick- 
^s and make of the string. 

Suppose the string AB (fig. 73), wkove length is a, 
I be tuspended vertically from one end A, and stretched 
i its own weight w onlt/ ; to determine the increase of its 
length. 

tn AB take any points /', Q very near to each other, 
and when the string is stretched let h, p, 9, a be the points 
corresponding tn B, P, Q, A; x = BP, \.t = PQ,, y == bp, 
Sy = pq. Then S.v is stretched into Sy by the weight of 6p 

or BP which = — ; 

.-. Sy~lv=C.lT. — ; 

therefore, dividing by 5", and taking the limits, 

d,S - 1 = C . ~ ; 

C ^.v" ... 
.-. y — ,1' = — , , by integration ; 



Hence the increase ia one half of what it would he, if 
AB were stretched upon a horixontal table by a weight equal 
* its own weight. 
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238. A weight W is now suspended from b, to deterlHiiii 
the further increase of length ■ 

The weight which stretches pq is, in that case. 



V = C .to! 



. ah~AB = CWa-\-\Cwa. 



239- Of this increase the part^Cwa we have seen i» 
due to the weight of the string, and therefore CWa, the part 
due to the weight W, is the same as if the string had no 
weight. Hence when a string is stretched by several forcet, 
each one produces as great an increase of length as it would 
do if the other forces did not act. 



am pies 



By way of illustration 



shall add the 



following ex- 



240. Two weights P, Q ( fig. 74) resting on two inclined 
planes AB, AC, are connected by a given elastic string; to 
Jind the position of equilibrium. 

Let a, (i be the inclinations of AB, AC, and d that of PQ 
to the horizon; a = the natural length of PQ; T= its tension. 
Then P is kept in equilibrium on the plane AB by the force 
" T acting in the direction PQ ; 



T cos APQ = i' sin a, (Art. 209). 



But APQ = 



,s(a-0)- 
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Qsin/j 



° "" ' "oo.(/3 + e)- 




. co.(/3 + fl) oos(a-9). 
co>9iiii/3 co.9si»o' 




F (cot ^ - tan 9) = Q (cot a -h tan 9) ; 




... ,an9„''»'f-«"'° 


which gives 9; 



and PQ = (H- C . fli . r 

""(^■^ cos {a -9)/' 

From which PQ is known, and thence ^P and AQ. by 
means of the triangle APQ, whose angles are all known. 

241. Two equal weights P, Q (fig. 75) are connected 
by an elastic string, whose natural length is BC ; to Jind 
the nature of the curves BP, CQ, on which they will always 
rest in equilibrium with the string parallel to the horizon i 
the plane of the curves being vertical. 

It is manifest, since the weights are equal, that the 
curves must also be equal. Bisect BC in A, and draw AM 
■vertical; AB = AC = a, AM = x, MP=MQ = y, 7"= the 
tension of PQ ; 

.-. PQ-BC=C.BC.T, 

or ^y~2a= C.Sa.T; 

.-. y -a = CaT. 

But P being sustained upon the curve BP by its gravity 
r JP and the force T, we have by Art. 210, 



vhich is the equatii 
I two semi-parabolas 




CHAPTER X. 



ON THE FUNICULAR POLYGON, ON THE GATRNART, ON B00F8. 

AND BRIDGES. 



ON THE FUNICULAR POLYGON. 

242. ABCDEF (fig. 76) is a cord, supposed devoid of 
weighty suspended from two p^nts A, F »n a horizontal line; 

at the knots B, C, D, E weights, W„ W^, Wj, W^ 

are hung; to determine the proportion of these weights that 
it may hang in a given form. 

From J draw Ac, Ad, Ae, J/ respectively parallel to the 
portions BC, CD, DE, EF of the cord ; and denote the re* 

spective inclinations of AB, BC, CD to the horizontal 

line AF by a, j3, 7 ; draw BM vertical. Then B is 

kept at rest by the tension of AB, BC and the weight fF,, 
which forces are respectively parallel to the sides BA, Ac, cB 
of the triangle ABc^ and are therefore proportional to them. 
Therefore W^ is proportional to Be. In the same manner W^ 
is proportional to cd ; and they are on the same scale, for in 
both Ac represents the tension of BC; 

W, Be BM-cM 
* W2'"cd " cM-dM 

AM tan a - AM tan /3 
AM tan j3 - AM tan y 

tan a - tan /3 



Similarly, 



tan )3 - tan y 

W2 tan fi - tan y 
W^ tan y — tan 5 
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It appears, therefore, that any one of the weights is pro- 

Ijortional to the difference of the tangents of the angles at 

fhich the two sides of the polygon, which form the angle 

which it is suspended, are inclined to the horizon. 

The angles MAe, MAf, which are situated above the line^ 
KF, are to be accounted negative. 

The horizontal tension of any pari of the string is 
(presented by AM, for it is the resolved part of the lines 

^S, Ac, Ad which represent the whole tensions; and this 

iorizontal tension : any weight {W.^ suppose) 

;; AM : cd :: 1 : tan /3 - tan y. 

The tension of any string BC : the horizontal 
: Ac : AM ;: AM see Q : AM :: sec : I. 



944. If AB, BC, CD in the preceding figure, in- 

tead of being lines devoid of weight, be heavy beams of wood, 

or bars of metal, connected at the joints A, B, C, D by 

hinges, we must consider each beam as exerting by means of 
its weight vertical forces at its extremities. Thus, if wji, w^, 

Wj be the weights of AB, BC, CD we may consider 

BC as exerting equal pressures ^w^ at B and C in a vertical 
direction, the centre of gravity of the beam being supposed at 
its middle point; in like manner AB exerts a vertical pressure 
equal to ^tf, at B, and therefore wo may consider W^ + 
■J (till + Wi) as the whole weight suspended at B. Similarly, 

the weights to be considered as suspended at C, D are 

respectively 

ir. + i(„,. + „.,); »-; + iK + »,)i 

and these weights are to be used instead of those given in the 
preceding articles. 

These considerations are intimately connected with the con- 
struction of supension bridges. 

215. If W^, W^, W^ are evanescent, then the weights 

to be considered as suspended are ^(w, + Mig), ^(ws+ w^ 

and if the beams are all equal, each of these become equa^ t 
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ON ROOFS AND BRIDGES. 



246. If the whole figure of Art, 243, be inverted or turned 
round the horizontal line JF through an angle of 180°, as in 
fig- 77) we shall find the same relations between the weights as 
before; it will also appear, from the same reasoning, as in 
Art. 244, that the weights to be considered as hanging from 

B, C, D are the same as there investigated. In this state 

the problem contains the whole theory of roofs, archesj and 
bridges. If ABCDEF be considered as a roof, of which AB, 

BC are the beams, then the horizontal thrust at A and F 

tending to push out the walls on which the roof is erected, is 
represented by AM, on the same scale as that wherein Be 
represents the weight to be supposed suspended from B ; it is 
therefore equal to 

TT, + ^(mi, + Wi) 
tan a — tan (i 

This thrust is usually prevented from taking effect upon 
the walls by inserting the ends A, F of the beams AB, FE 
into another AF called the tie-beam, which is thus made to 
sustain the whole thrust ; at other times the walls are pre- 
vented from bulging by buttresses, or shores, built against 
them. 

If it were required to construct a roof of given span with 
given beams, which has to support given weights, we must take 
an equal number of smaller proportional beams, and connect 
them by strings or pins at the joints, so as to allow them to 
move freely, and load them with proportional weights. Then 
if this model be suspended from its extremities at a propor- 
tional distance, as in Art. 242, it will assume the required 
form, which we have merely to turn round AF through an 
angle of 180", and it will be a perfect model of the required 
roof; and will possess the property of being in equilibrium 
in every part. In such a roof there will be no unnecessary 
strain on any part of the materials of which it is constructed, 
and consequently no part will require to be unnecessarily 
strong. In this simple manner we may also obtain the model 
of a bridge of given span, by taking a great number of very 
short beams to represent the arch stones, and connecting them 
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. before. If when we suspend this model-string of arch 
[ones loaded with weights proportional to what (in the place 
■ey occupy in the bridge) they will have to sustain, we find 
|st the bridge would be too lofty, we must remove the points 
f suspension farther apart, until we have obtained the proper 
titude. This method will give us a bridge, in perfect equi- 
Vium in every part, and in which there is, therefore, no 
lurious strain, no useless strength, nor dangerous weakness 
I any part. 



ON THE CATENARY. 

A Catenary is the curve assumed by a 6ne chain or flexible 
ring when suspended from its extremities. 

247- ^0 investigate the equation of the catenary. 

Let AOF (fig. 78) be the catenary ; A, F being the points 
!om which the chain is suspended, and being the lowest 
int of it. Through O draw BOD vertical^ which take for 
^tie axis of x, being the origin. From P aoy point of the 
chain draw PM perpendicular to OD-, and draw PT a tan- 
gent at i*. x= OM, y = MP, s = OP. Since there is equi- 
librium we may suppose the part OP to become rigid; then 
since it is kept in equilibrium by the action of three forces, 
(its own weight and the tensions at P and 0) which act upon 
it in the directions of the sides of the triangle MTP taken in i 
order, we have 



tension at O 



PM 

weight of OP ~ MT 



- tan PTM = d.y. 



But if the chain be uniform, the weight of OP may be re- 
presented by its length s, and the tension at by the lengtb 
of a piece of the same chain of the length a ; 



= (rfr!/r + l = (rf.O'! 
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But when ^ = 0, « = 0, and therefore C = a ; 

.'. a? -h a = \/a* + «^» 
and .*. a? + Staas^^^ 
which is the relation between any arc and its abscissa. 

248. To find the equation of the catenary in terms of the 
rectangular co-ordinates xy. 

The equation required is expressed in its most simple form 
by taking for the orgin of co-ordinates the point B^ which is 
such that OB=^a. Let then BJIi^w; then from the last 
article. 



v/o* + «* a= ^ ; 



•'. \/a^ - a^ = s ; 

Of 



=*\/l + (d.y)*; 



a 



•••'''» = 7P^*' 



.'. y = a log^ (a? + \/ai^ — a*) + C 
But when x ^ a^ y = 0, consequently C ^ — a log^ a ; 

.-. y = olog, . 

This is the equation required. 

249. The relation between w and y\ and that between 
s and y may be expressed in very simple exponential forms as 
as follows. 
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From the last equation we have 



Again 



- + 

a 


b- 


') 


^e-\ 


X 

a 


(-- 


■•)' 


-y. 




• 
■ • 


2<r 
a 

9,8 

a 


= c«+e"« I 




= 2 V -» - 1 
or 


■ • 






-e'-e « 



(!)• 



(2), 



250. Def. If through B we draw BC horizontal, it is 
called the directriw of the catenary. 

251. The tension of the chain at any point F is equal to 
the weight of a piece of the same chain of the length BM. 

„ tension bX P TP 1 

For 



tension at O PM sin PTM 



a 

OB 

a 

weight of length a? 
weight of length a 

But the denominators of these fractions are equal ; 

.'. tension at P «= weight of chain of length <v. 

252. We have supposed the chain to be uniform; if it 
should be of variable density or of variable thickness, let p be 
such a quantity that p}>s may represent the mass of a small 

11—2 
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element (5« =) PQ of the chain. Then the weight of OP is 
^{gp^s) ^ gfpds ^gfgpdgS; and representing the tension at 
by ga, we have by proceeding as in Art 247, 

tension at O \ 

'^ " weight of OP 

^ e^ . 

a 



.-. J»pdg8^ — -; 
d»y 



.*. pd,« = - * ^ , by differentiation (l). 

When p is given, this equation being integrated will give 
the form of the catenary. 

253. To find the law of density that the catenary may 
be of a given form. 

In this case the relation between w and y is given to find p. 
From the last Article we have 

Now the quantity which is multiplied into p is the radius 
of curvature of the curve at P, and d s is the secant of the 
inclination of the tangent at P to the horizon ; wherefore 

a . sec^ of the inclination 
" radius of curvature 

254. To find the form of the catenary when the chain is 
acted on by a force tending to a fixed centre. 

Let BAC (fig. 79) be the catenary, suspended from B^ C. 
S the centre of force, A that point of the chain which is nearest 
to S; therefore SA is a normal at A, Let P be any point, 
and PQ a small element of the curve, a = SA^ s = AP^ 5«= PQ, 
r^SP, r + Sr=: SQ^ t = tension of the chain at P, ^ + 5^ = the 
tension at Q, pSs = the mass of PQ, and F = the force which 
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acta at P towards S. Then the weight of PQ = FpSs, which 
we may ultimately suppose to act in the direction QS. Hence 
resolving the farces which act upon PQ, in the direction of the ■ 
tangent at Q or P, we have 

t + FpSs cos PQS = t + Bi. 

But if we draw PP" perpendicular to SQ, we have 

Ss cos PQS=Sr', 

.: FpSr = it; 

.: fFpdr~t......{i). 

The integral is to be taken from r = SA to r = SP- 

Again, the chain AP is kept in equilibrium by the 
instons at A and P, and by the weight of each particle 
f it in a direction passing through S. Hence taking the 
loments of all these forces about S, we have 

a .(tension at A)=pt, 

rhere p is the perpendicular from C upon the tangent at P. 

The left hand member of this equation is constant, and 
berefore representing it by C, we have 

. C 



..(2). 



!eoce, combining equations (l) and (2), we have 



^hen p is given, this equation being integrated, will give 
e form of the catenary. 

255. To find the law of density that the chain mag 
a given form when acted on by a given central 
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In this case the relatione between F, r and p are given 
to find p. From the last Article we have 

Cd,p 

256. Cor. Since QP'=^r, Fp^r = the weight of ■ 
piece of the given chain of the length QP" and density p; 
hence if the density of the chain bo tlie same throughout, 
the equation (l) taken between its proper limits gives 

tension at P — tension at A 

= weight of chain of the length PS 

— weight of chain of the length PA. 

Thia result corresponds to that obtained in Art. £51. 

257. To Jind the form of the catenary when the chain 
»» acted on by any forces in its own plane. 

Let JB (fig. 80) be the curve, in the plane of which 
take two lines Ox, Oy perpendicular to each other for 
co-ordinate axes. Let X, V be the components of the 
accelerating force which acts at P, parallel to Ox, Oy 
respectively. Let PQ be a very small arc; PT, QT tan- 
gents at P and Q meeting in T. From T draw TG a 
normal to the curve. 

Let j!= OM, y = MP; s = AP, h = PQi x + ^tf, y + iy 
the co-ordinates of Q; and pSs the mass of the arc PQ. 
We suppose Ss so small that the accelerating forces X, Y 
may be considered the same for every point of it ; con- 
sequently JCp^s, YpSs are the weights of PQ estimated 
parallel to Ox, Oy respectively. Now PQ is kept at rest 
by three forces, the tension t at P, the tension t + ^t at 
Q, and the resultant of Xp^s, Yp^a; consequently, as PQ 
may be considered rigid without disturbing the equilibrium, 
these three forces all pass through the point T ; they therefore 
satisfy the conditions of equilibrium of forces acting on a 
point. Resolve the forces parallel and perpendicular t^J^ 
normal GT; ^^^| 
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.-. = t COS PTG -f (/ + St) COS QTG -Xph. d,y + Yph . d,w, 

and 

= ^ sin PTG - (/ + St) sinQTG - XpSs . d.of - YpSs . d,y. 

Now cos PTG = —iif— = 1 5« \/ (d/^)* + (d/y)' ; 

rad. curv. * 

and sin PTG = 1 ultimately ; 

hence by substitution and dividing by ^89 wq h^ive 

= t^y{d^wY'\^ WvY- Xpd.y + YpdfOPy 

and w d,/ + Xpd^w + Ypd^y. 

By eliminating ^ between these equations, we obtain the 
diflFerential equation of the required curve. 
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CHAPTER XL 



PROBLEMS. 



1. Given the magnitudes of two farces toMdb act on 
a point J and the angle between the lines in which they act ; 
to find the magnitude of their resultant. 

Let P, Q be the two forces acting upon the point O (fig. 81) 
in the directions OJf OB. Take OJ, OB to represent them, 
and complete the parallelogram OBCA ; the diagonal repre- 
sents their resultant R. 

Let a « AOB the given angle. Then from the triangle 
OAC we have 

OCm OA^^^OA . AC cos OAC + AC 
m OA^ + ^OA . OB.cosPAQ + OB^; 
.-. «*«/*+ 2PQ cos a + Q^ 

2. Three forces acting on a point are found to balance 
each other when their directions make angles 105®, 120°, 135^ 
with each other. Find the relation of the forces to each 
other. 

Let jFi, F^i jFg be the forces respectively opposite to the 
angles 105°, 120% 135°. Then by Art. 28 we have 

F, : Fa : F^ :: sin 105*" : sin 120° : sin 135° 

:: cos 15° : cos 30° : cos 45° 

:: cos (45° -30°) : cos 30° : cos 45° 

v/3 - 1 ^/s 1 

" 2v^2 * 2 * v/2 



- 5 



•v/3 - 



F, 
' ^g' 



rom which when the magoitude of one of the forces is given, 
the magnitudes of the other two are known. 

A weight W is sustained upon a smooth inclined 
^plane by three forces each equal to ^W; one acting ver- 
tically upwards, another parallel to the plane, and the third 
in a horizontal direction ; required the inclination of the 
plane to the horizon. (Fig. 82.) 

Let C be the body placed on the inclined plane JBi 
f,, F3, Fs the forces mentioned in the question. Besides 
these, C is acted on by gravity* which is equal to JFand acta 
in the downwards direction CW, and by the re-action Jl of the 
plane, which because the plane is smooth, acts in a direction 
CR perpendicular to AB. Hence the body C is kept at rest 
by five forces, all of which act in the same plane ; hence the 
conditions of equilibrium are (Art. 3a), that the sums of the 
resolved parts of tliese forces parallel to two lines in the plane 
of the forces shall be separately equal to zero. Resolve them 
in the directions of CB, CR ; 

.: 0~R cos RCB + F, cos F^CB -\- F^ cos FfiB + F^ cos F^CB 

+ Wcos WCB, 



= R cos RCR + F, cos F,CR + F, cos F^CR + F^ cos F^CR 
+ IVcos WCR. 



If we put d for BCF3 the required inclination of the 
plane, these equations become 



= F, sin fl + F, + Fj 
ind = fl + F, c 



- W sin 9, 

■ WcosO (A). 



9-Fssine 

The former of these, observing that F,= F3= Fs=^W, 
gives 
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^e .00 

or 2coy-« 48in-cos-: 
2 2 2 

.'. tan - = * ; 

2 * 

.-. = 2tan-»(^) 
« 53<>. 7'. 48". 

Rkmark. The reader will observe that we have obtained 
fh\n rtnuXi without making use of the second condition (A) 
of r(|uilibrluin. From that equation we might have deter- 
m\t}^\ H% thi? pressure of the body upon the plane ; but as that 
ii« fiol r«|Uire<l by the enunciation of the problem^ we make the 
im)H>rtiiiit ri^nmrk, that it is not always necessary to employ aU 
\\w ^|UAtiotui ot equilibrium in solving a problem : and in 
rt»(Hilving foriTHi our aim must be to resolve them in a direction 
M riyhf Miintcii to such forces as are not known and not required 
f<f lti> kmiwn. 

*V\w directions in which we may resolve the forces are 
(\\i\X^ rtfliltrttry (Art. 95) ; we might, for instance, have 
rf<3olvHl the* forces parallel and perpendicular to the horizon, 
frmr? whirli would have resulted the two equations 

= i? sin - jFg cos + jFs, 

and = i^ cos + F, + F^sin 9- W; 

hiif henrt we see the unknown force R is involved in both 
f|>^ ^/|ijation8 of equilibrium ; and in order to solve the pro- 
fv^f^^l problem it is necessary to eliminate R between them: 
#14* necessity is avoided, and the result at once obtained, 
h) /<rwlving the forces in a direction at right angles to that 

wbich R acts. Wc shall generally avail ourselves of this 

Jm in the problems which follow. 



»• ■>— ■ 



i 



.t' 



i Three equal forces act upon a point in the directions 
vf 0<ree lines tchich include angles 105% 120% 135°; find the 
j'.y.:^*yiiiud^ and position of their resultant. 

?!"iDce the sum of the given angles = 360% the forces all 
*»t.n Jij one plane. Let F, Fo jFg (each equal to P) be the 
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three forces acting on the point O (fig. 83), thi; angles FjOF^, 
FjOFs being 120", 135" respectively. Produce F,0 to as, and 
in the plane of the forces draw Oy perpendicular to Ox. 
Then if R be the resultant, and 6 the angle which its direc- 
tion makes with Or, we have, proceeding as in Art. 31, 

RcosS = - F, + F„ cos F-iOce + F^cos F^Ow 

= - P + Pcos6(f+ Pcos45" 

^ p y^ - ' 
2 ' 

Rain 8 = F^ sin 60» - F^ sin 45" 






•76732(ii) ; 



.-. 6 = 37". 30', 
which determines the position of R, and the equation 

B* = (fl cos ey + (fl sin ey 



= J" X •0681484, 
or R= P X -2610525, 
gives the magnitude of R. 

B. If three forces proportional to the sides of a triangle 
be applied perpendicularly at their middle points, they will 
balance. 

Let ABC (fig. 84) be the triangle; a, h, c the middle 
points of its sides. At these points apply three forces F■^ , 
Ff, Fs respectively proportional to sides on which they act, 
io directions perpendicular to those sides. Then because the 
sides of the triangle are bisected perpendicularly, the lines 
F^a, F^b, F.f,f being produced will meet in O the centre 
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of the circle circumscribing the triangle. We may therefore 
suppose them to act at O : and because 

Fi : /; ; F3 :: BC : AC : AB 

:: sin A : miB : sin C 

:: sin/'gOFs : sin FjOFg : sin F, OF,, 

therefore, by the converse of Art. 28, the forces balance each 
other. 

6. Two given equal uniform beams AC, BC (fig. 85) 
having their lower ends connected by a string are placed in a 
vertical plane^ upon a smooth floor ^ their upper ends leaning 
against each other. Required the tension of the string AB. 

Let a be the length of each beam, b the length of the 
string AB ; = z CAB ; G the centre of gravity of AC, which, 
since the beam is uniform will be in its middle point. The 
beam AC is kept at rest by R the pressure of BC against 
it in a horizontal direction ; T the tension of the string AB in 
the direction AB ; R' the reaction of the floor, which since the 
floor is smooth will act at right angles to AB ; and by W the 
weight of the beam acting at G in the direction GW ver- 
tically downwards. (The conditions of equilibrium for this 
case are stated in Art. 67.) 

To avoid the force R\ resolve the forces horizontally, 
and take the moments about A\ then 

= i? - T, 

and = i?.-4Csin 0- W.AGQosd; 

AG 
... T=R^ W~.cote 

AC 

W b 



2 '\/4a^-62* 

7. A string PCP (fig. 86) having two equal weights 
V, V fastened to its extremities^ passes over a pulley C, and 
two pegs A, B. A smooth heavy ring Q is passed over C: 
required the position in whieh it will rest^ its inner diameter 



f sack as to keep the parts of the string above it parallel; 
i the pegs A, B being similarly situated with respect to C. 

Let W represent the weight of the ring ; Q the inclination 
mAQ to the horizon. Because the ring is smooth the tension 
7 the string will be equal to I' in every part ; and when the 
BuiUbrium is established we may suppose the ring and string 
I cohere at the points of contact, by which supposition we per- 
Kve that Q is pulled upwards by the two parts of the string 
Ktween the ring and the pulley; and obliquely by the portions, 
\ the string between the ring and the pegs. Hence the ring 
\ kept at rest by five forces, viz, the two vertical forces P, P 
3ng the lines QC, Q'C; the two oblique forces P, P 
Itting along the lines QJ, Q'B ; and its own weight W acting 
srtically downwards: consequently resolving them in a ver- 
1 direction, we have 



= 9P~2Psi 

, ^ H^ 

,-. sin e = I : 

2P 

liich determines the position of Q. 



- W; 



Two wmghts P, Q (6g. 87) are connected by a string, 
which passes over two smooth pegs A, B situated in a hori- 
zontal line, and supports a weight W which hangs from a 
smooth ring, through which the string passes. Find the 
position of equilibrium: and also whether the eguHibrium is 
stable or unstable. 

Since the ring C is smooth, the tension of the string is the 
same throughout, and therefore 



Also we may consider the point C as kept at rest by three 
forces; the tensions of CA, CB, and the weight W; hence by 
Art. 28, 



nBCW &\nACW sin^CS' 
.■- ACW= BCW; 
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^ W sin AC B 

and —- = --: 

P sin ^C FT 

sin 

"~ 

sin- 

2 


= 2cos -, 
2 

representing the angle ACB. This equation gives 0, from 
which the place of the ring is known. 

Again, let 2a = ABj 26 » the length of the string, c^CW, 
i the distance of the centre of gravity of P, Q, W below JB; 
then producing WC to meet AB in Z>, we have 

(P+Q+ FF)« = P.JP+Q.J?Q+ W.DW 



2P./6- 

sin- 






_ \ 

r. (5 P - ir) c/^c = Pa cosec - cot IFacosec*- 

^22 2 

» -cosec^-(2Pcos- -ir) = 0; (Art. 1^); 

.'. {2P^W)dJ^z^ --cosec^-.Psin-, when ir=2Pco6-. 

^ ^ i 2 

Heuce% in the position of equilibrium 2 is a maximum, and 
therefore the altitude of the common centre of gravitv is a 
minim uQi, cousequeutly (Art. I do) the position is one of stable 

equilibrium. 

- 

Rhmaxx. The equation d^z = v.\ gives W= 2Pcos- for 

:he oonJirion of equilibrium* and consequently the latt^ part 
oi* :he 'jreeedinvj i:ivescic-i^-^^ii includes the solution of the whole 
^uc'>::oi! pn.^ posed ; the tirst part therefore might have been 
om:::ed ; but ne have inserted it as an example oi the appli- 
cation or Art. iS. 
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9. A straight rod rests with its ends upon two given 
smooth inclined planes, in such a position that the vertical 
plane which passes thiough the rod is at right angles to the 
given planes; jind the position of equilibrium of the rod. 

Let JB (fig. 88) be the rod, G its centre of gravity ; 
a, /3, 6 the inclinations of the planes OA, OB, and of the rod 
to the horizon. R, R' the reactions of the planes at A, B, 
which will he in normal directions bet:ause the planes aie 
smooth. AG = a, BG = b. The forces which keep the rod 
in equilibrium are the reactions R, A' and its own weight. To 
avoid the weight of the rod, resolve the forces parallel to the 
horizon ; and take their moments about G ; 

.-, = fl sin a- R' sin /3, 

and Q=R.GA sin GAR - R' . GB sin GBR' 

= Ra cosOAB - R'b cos OB A 

= Ra cos (a + 0) - R'b cos ((3 - fl) ; 

acos(a + e) 6 cos (3-0) 

■■■ sin a ~ «in/5 ' 

a cot a - ft cot j3 
and .-. tan0= . 

ffl + 6 

10. LM is a smooth sphere of radius r (6 inches) and 
weight w {3^ lbs.), in contact with a plane AM inclined to 
the hoHseon at an angle a (6o"). AB is a beam of weight 
W (100 ;6s.), and length a (6 feet), moveable about a hinge 
at A, and by its pressure preventing the sphere from rolling 
down the plane. Determine the positions of the beam and 
sphere, (fig, 89). 

Let R be the reaction at L between the sphere and beam ; 
and R' that at M between the sphere and inclined plane ; since 
the sphere is smooth, the former acts in a direction perpen- 
dicular to AB ; and the latter in a direction perpendicular 
to AM. Let 20 = z BAM. 

We may consider AB as a lever, whose fulcrum is A, 
kept at rest by i? at L in the direction CL ; and W at G, 
the centre of gravity of AB, in a vertical direction; 
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.-. R.AL^ IT. - COS (a + 20), 

a 
or 2? . r cot = ^T. - cos (a + 20). 

2 

The sphere is kept in equilibrium by its own weight 
acting downwards at C, and the reactions RR' in the directions 
iC, MC. To avoid R' resolve these forces parallel to the 
plane; 

.". 0=2? sin 20 - w sin a. 

Hence, eliminating jR, 

2wr sin a cot = Wa sin 20 cos (a + 20) ; 

wr 
.*. sin^0 cos (a + 20) = •— -- . sin a. 

Wa 

By substituting for FT, tr, a, r, a their values, we find 
from this equation 

0=4\45'.3O"; 

and .-. a + 20 = 69^49^ 

which is the inclination of the beam to the horizon. 

The position of the ball is known from the equation 

AM = r cot 

= 5*822314 feet. 

11, A uniform heavy rod CD rests with one end D 
on a smooth inclined plane DB, and the other is suspended by 
a string of given length from a fixed point A. Find the 
position of equilibrium, (fig. 90) 

Draw AB perpendicular to the plane; and let 0, be 
the angles which AC^ CD respectively make with AB ; let 
a be the inclination of the plane DB to the horizon ; let G be 
the centre of gravity of the rod ; a = CG = DG, b = AC^ 
c = AB^ R the reaction of the plane at Z>, which since the 
plane is smooth will be in a normal direction ; T = the tension 



of the string CJ- Since AB = the sum of the projections 
of JC, CD upon it; 



..(I)- 



To avoid the weight of the rod, resolve the forces in 
a tioriKontal direction, and take their moment!! about G ; 

.-. = fl sin a - Tsin {(p - a), 

and = Rasm9~ Ta sin (0 - 0) ; 

.-. sin 9 sin (0 - a) = ain a sin (9 -(p): 

.-. 3 tot ^ = cot S + -cot n (e). 

But & cos = c - 2a cos 6 from (l) ; 

.-. 26sin.^= (c ~ 2«cos9) (cot + cot a) ; 

.-. 4fc'= (2ft cos^)=+ (26sin0)- 

= {c- 2a cos 0)' {4. + (cot + cot af j. 

From this equation must be found by approximation, 
and then tp will be known from (2), 

12. Three rods AD, AE, RC are connected by hinges 
at A, B, C ,' AE is vertical andjixed at E, and AD honxon- 
tal. At Ti a given weight W is suspended. Find the strain 
upon the hinges, (fig. 31). 

Since the rod BC has hinges at both ends, it is incapable 
of exerting any action except in direction of its length ; let 
T be the pushing force which it exerts upon the hinge B 
in the direction CB, and upon C in the direction BC. Let 
the strain upon the hinge A be resolved into the forces X, V 
in the directions BA, AC. Let 

a = z ABC, a = BC, b = BD. 

Then the rod AD is kept at rest by X, Y, T and W; resolve 
them vertically and horizontally, and take their moments 
about B\ 
12 
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= Tcosa-X^ 
and = Wb — Va cos a. 
From these three equations we find, 



r= 



Wb 



a cos a 



^^^^aco.a+b ^ 



X= W. 



a cos a sin a 



a cos a + 6 



asm a 



The first and last of these determine the magnitude 
direction of the strain upon the hinge A ; and the second 
equation gives the magnitude of the strain upon B or C; 
the direction of this strain ha^ been stated already to be CB 
for Bj and BC for C. 

If the joints at -4, B, C were rigid, the action of BC 
not being necessarily in the direction of its length would be 
indeterminate : BC might even be removed without affecting 
the equilibrium. 

13. AB is a heavy uniform rod^ moveable in a vertical 
plane about a hinge A ; a given weight P sustains the rod 
by means of a string BCP passing over a smooth pin C 
situated in a vertical through A and at a distance AC=AB. 
Find the position of equilibrium of the rod by the principk 
of virtual velocities, (fig. 92). 

Let W be the weight of the rod, a = AB its length, Q 
any point in it; draw QM perpendicular to AC, w = AQ, 
= z BAC* Then the virtual velocity of P 

= d.CP^d(a^BC) 

= — a.2asm-=— a cos - . du. 

2 2 
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rr» 



^Xhe weight of a small element of the rod at Q, the length 

at which is equal to Sw ^ W — ; and the virtual velocity 

at this = d . CM ^d{a - w cos 9) ^ w sin Qd&. Hence for the 
whole rod the value of 2 {Fds) 

«2(Pr — ..i?sin0d0) 
a 

W 

= — sin QdQ . S (afhao) 
a 

W . 

= — sin QdQ jofdw^ from ti? = to w =^ a 
a 

r.\Wa sin QdQ. 

Hence, by the principle of virtual velocities, 

Q 

O^P(-a co» -dQ) + i Wasin QdQ; 

2 

. 9 P 

.*. Sin - = r=z . 

2 W 

Remark. The preceding solution is more difficult than 
is absolutely necessary ; we preferred giving it however as 
on illustration of the meaning of the symbol 2. The fol- 
lowing is more simple. 

We may consider the weight of the beam as being col- 
lected at its centre of gravity. Let Q be this point. Then 
by the principle of virtual velocities, 

= P.d.CP+ W.d.CM 

Q a 

^ P{-a cos- dQ) + W. d\a - - cos &) 

Q a 

= - Pa cos - d0 4- JT- sin QdQ, 
2 2 

the same result as before. 

12—2 
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14. Two heavy particles P, Q are connected by an 
in/lewible rod; and one of them (P) rests upon a given 
smooth inclined plane. Required the nature of the curve 
on which the other (Q) must rest^ that there may be equi- 
librium in all positions. 

Since there is equilibrium in all positions the common 
centre of gravity of the bodies neither ascends nor descends 
(Art. 165), it is therefore always at the same height above 
a given horizontal plane. Let the equation of the given in- 
clined plane be 

y ^rnoB (1), 

the axis of x being horizontal, and that of y vertical. Let 
w'y* be the co-ordinates of P, and wy those of Q. Then 
denoting the altitude of the commpn centre of gravity of 
P and Q above the axis of w by 6, and the length of the 
rod by a, we have 

{P+Q)b = P'y'-^Qy (2), 

a«=(a^-a7'r + (y-y7 (3). 

From (1) and (2) we find 

and »v = I + — -— , 

V P) m Pm 

which being substituted in (3), give the following equation 
of the required curve : 



-^{(-l)"^^k-H-l)'' 



= <r* + --~^V + ^(l+-^l + -^ J v' - — ( 1 + ^ 1 ho} 



The values of the coefficients of the first three terms shew 
that the required curve is an ellipse^ 
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15. A rod AB is placed in a smooth hemispherical 
bowlj so as to lean against the edge of the bowl at P, 
with one end A within it. Find the position of equi- 
librium of the rod. (fig. 93). 

Let C be the centre of the bowl, G the centre of 
gravity of the rod. The rod is kept in equilibriiun by 
the reaction of the bowl at A^ the direction of which passes 
through C; by the reaction of the edge of the bowl at 
P, which will be in a line PQ at right angles to AB-^ 
and by its own weight acting vertically at G. There being 
but three forces, their directions all pass through a point 
(Art. 94) ; hence QG is vertical, and 

AQ _ sin AGQ 
AG" sin AQG' 

Let AG = a, and r = the radius of the bowl ; then be- 
cause APQ is a right angle, AQ is a diameter of the 
sphere, and therefore = 2r ; also if = CPA, the inclination 
of the rod to the horizon, 

AGQ^^TT-PGQ^w- (^-e] =-+e, 

and ^QG = PQG-PJC= f--e)-e = --2e; 

sinf^+e) 
2r \2 I cosO 



^ sin (j- 20) 



cos 2d 



cosO 



2cos^e- 1' 



.-. cos-0 cos0 = i; 

4r ** 

from which equation 6 is known. 
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18. Two given rods connected by a hinge are laid 
across a smooth horizontal cylinder of gimen radiums. DeUf- 
mine the position of equilibrium and the strain upon the 
hinge. 

Let AC9 BC (fig. 96) be the rods, resting upon the 
circle whose centre is O at the points P, Q. Let G, (? j 
be their centres of gravity. Join OC^ draw OH vertical, : 
and upon it drop the perpendiculars GJf, G*M. Let 
COH^e, ACO ^ BCO =^ (p, GC^a, GfC^b, the radius 
of the cylinder = r, W^ W the weights of the rods. Then 
if 5 be the altitude of the common centre of gravity of 
the rods above a horizontal plane passing through the point 
O, 

Now if OH cut AC in H^ and BC produced in jEf, 

0J/= OCcose - CG.cosCHH' 

r cos 
= — : — - — a cos (0 + d)y 
simp ^ 

and OM'^ OCcosfl - C&cosH' 
rcosO 



sin0 



— 6 cos (0 - 6) ; 



. — ^ -, cosfl 

SlXKp 

- Wa cos(0 + 0)" Wbcos {<p - fl). 

Now in a position of equilibrium ^, which is a function 
of the two independent variables and 0, must be a 
maximum or a minimum; 

.-. o = (Fr+pr')d«=-(Tr+TF')»*--^ 

sin0 

+ Wa sin (0 + 0) - TT'ft sin {<f> - 6), 

. _ ,^, cos cos 

and 0^{W^W)d^g=-iW-^W)T.—^~^ 

+ »rosin(^+ fl) + IF'fesin (^-d); 
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iW+ W')r coaec^tp = {Wa-Wb) cot$+ {Wa + Wb)cot<p, 
^d (W+ W)ri:osec°>p=iWa - Wb) tanfl + iWa + Wb) tan^. 
Prom which we find, by subtraction, i 

tan 20 Wb-Wa 



..(1), 



tanS^ Wb+Wa" 

fad by eliminating $, 

m^W"ab6ia*(p-{W+W%Wa+^rb)rtiin<p + (W+W'Yr''=0i 

■om which ^ being found by approximation, 6 will be 
mown from (l). 

To find the strain upon the hinge. 

Let T be the strain, exerted upon AC in the direction 
CT, and upon BC in the opposite direction. To avoid 
the reaction at P, which is unknown, resolve the forces, 
which keep AC at rest, parallel to AC, and take their 
moments about P; 

.-. =Tcos(w- ACT) -W cos JHO, 

and 0=T.PC sin ACT -W.PG. sin AHO. 

From these equations we find 

PCP 



\W} 



i'AHO-i 



PC 



sin^ AHO 



3a'(<^ + e)+(-tan^-l sin" (0 + 0), 



I from which T is known ; and 
PG 



= (1 - - . tan (}}) tan (<p + 0), 
Ei^ves the direction in which T acts. 






«altie9 of P. ^ 

Let C (fig. 97) be tlMI» IfsAj piMed on tht in^bed 
plane if^';-let-£ -bethe mactioi|^of die pbiie in • oortmA 
direcdoD, and ^ the coefficient of frictite between tfae body 
and the plaqe: then if the tend^urf of C fi to dide 4EoMiif 
the jdapei P having its li$^i value^ the, Irictioii ia.M n^ 
act in the dft^ection CM to jurevebt' tlie i^otioii ; ' andf t&m^' 
fore reididng tlie fcMroee panOd ap4 pMpam&niliir lo 4iS^^ 

- Mil + /^00S9 «- fPSB^ 

• • • * 

and 0«f Jt + /*sin()-irt6b6i, 

i representing the inclination of tbe phoe to the borixoD, 
and ^ the iPCB. Berot eliminating it, 



v* \ 



M ■■ ff^ • ' ' ^ I 111 I III ^ 111 ^ 

cos 9 — M SIO O 

This is the lea«/ value of P; i. e. if P be less than this, 
C will begin to slide dawn the plane. 

If P have its greatest value, C will be cm the point <^ 
moving up the plane, and therefore the friction fiS will 
act daum the plane ; this will be taken account of by writing 
— /ui foi* M in the preceding result; consequently the greatest 
hmit of P 

sint-h Moost 



= fr. 



oos9+ fiisinO' 



Any value of P between these two limits will maintain 
equilibrium. 

Cob. The limiting values of P found above may be 
put under the forms 

sin (i - tan^V) , ^ (sini + tau'V) 

9V . — - and fV . ■ — ; 

cos(i + tan">) cos(f— tan^V) 
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from comparing which with Art. 209, we perceive that the 
least and greatest values of P are such as would balance W if 
the inclined plane were smooth and its inclination diminished 
or increased respectively by the angle tan^'y. 

30. To jind the limiting values of P in the common 
screw when friction acts. 

Let W be the weight sustained, i - the inclination of 
the thread of the screw to the horizon ; R = the reaction 
perpendicular to the thread, fi.R = the friction along the 
thread i and suppose P has its least value. Let r = the 
radius of the screw, and p the length of the arm by which 
P acts ; then resolving all the forces vertically, and taking 
their moments about the axis of the screw (^R acts up the 
thread), we find 

t) = Rcosi + ^RsiBi-]V, 

= {Rsmi - fiR cos i) r - Pp. 

By eliminating R between these equations, we find 

p.Tr/- ""-" 

p 1 +/itant 

= W. -.tan ft - tan"'iu)- 
P 

r Hence the least value of P is the same as in a screw 
F without friction, the threads of which arc inclined to the 
I horizon at the angle 



Piy writing - ,u for |U, we find that the greatest value of 
"■ is the same as in a screw without friction, the threads- 
which are inclined to the horizon at the angle 



21. Let AC be a curve line in a vertical plane; P, 
I Q given weights attacked to the extremities of a string 
liWrhich passes oner a smooth pin at B ; to xhew how to 
nd the positiort of equilihrium. (fig. <)'^). 
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Take the vertical line Bx for the axis of «; and any 
fixed point A in it for the origin of co-ordinatea : draw QM 
perpendicular to Bw ; and put AM = a?, QM = y, BP = ^b ; 
then if P descend through a small space dafj the corre- 
sponding space descended by Q will be d/r; and as P and 
Q are acted on by no other forces than gravity, except 
the tension of the string and reaction of the curve line, 
the virtual velocities of P and Q are daf and dw\ and 
consequently, by Art. 110, 

this is the only mechanical condition of equilibrium. The 
geometrical nature of the machine is expressed by the equa- 
tion of the curve ^ 

« 

and the equation, h being the length of the string, and a 
denoting AB^ 

6 = ,r' + \/(a + xy + y*. 

Ex. Let AC be a parabola, and B the point where 
the axis intersects the directrix. 

In this case y"=4a<2?; 

.-. ft = .r' + \/{a + xy -H 4a.r ; 



= dx' + 



3a + X 



{a^+ 6a X + x^)^ 
Sa •¥ X 



. dx 



P' (a^+ Sax + x^)h 



. dx. 



Hence dividing by rf«r, and reducing the result, we find 

2a\/2 



,v = — 3a H- 






22. The weight P in Prob. 21 instead of hanging per^ 
pendicularly^ rests upon a given curve line AD ; to find 
the position of equilibrium, (^g, 99). 
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If a}\ y be the co-ordinates of P, and w^ y those of 
ij, both measured from B as origin, the virtual velocities 
of P and Q will be respectively da/ and da?; consequently 

Pdx + Qdx ~0. 

To this we must join the equations of the two curves 

y' ^ F' {of) and y = F(ai)^ 

and the equation 

h = y/x'^ -H y'^ + ^/al? + y*. 

Ex. £e^ AD he a circle whose centre is in BA pro- 
duced; and AC a parabola^ the directrix of which parses 
through B. 

Then the equation of AC is 

y* = 4a (^ - a), 
and that of AD is 

c being the radius of the circle ; 

.-. h = \/x^ + y"^ + v^ + y^ 

= \/9.x{c + a) - 2oc - a^ + \/cr* + 4aa? — 4a*5 
(c + a) dm (x + 2 a) dx 



\/2tr'(c + a) - 2ac.- a^ \/*^ + 4.aa? — 4a* 

(c + a)da?' (^ + 2a)d.i? 
^P "^ ^Q ' 

Q da?' ^ + 2a jBP 

" P" "" d^ "~cTa"\5Q 



^x + 2a f b \ 



from which equation, PQ being known in terms of a?, ^ may 
be found. 



23. Two given weights P, Q are connected by a string 
PAQ which is laid across a horixonlal cylinder; to find 
the position and nature of the equilibrium, (fig. 100). 

It is evident the string will lie in a vertical plane per- 
pendicular to the axis of the cylinder. Let C be the centre 
of the circular section of the cylinder by this plane. Draw 
CA vertical, and BCD, PM, QN horizontal : join CP, CQ. 
Then since the length of the string and the radius of the 
cylinder are given, the angle PCQ is known ; let it be de- 
noted by 2a : and let a + 9, a-0 represent the angles 
QCJ, PCJi and a = CJ. Then if I be the altitude of 
the common centre of gravity of P and Q above BD, we 
have 

(P+ Q)'z=P.CM+ Q.CN 

= Pa cos (a - 0) + Qa cos {a + 6); 

.-. {P + Q)d~^ = Pa sin {a -9)- Qa sin (a + 9), 

and (P + Q) dfz =-Pa cos {a - 6) - Q« cos (= + 0) 

= -(P^Q)z (I). 

Now in tbo position of equilibrium dgz=0, and thcre- 

Q«sin(a + 9), 



fore 



Pa sin (q - 
from which we find 

tan 9 



P-Q 



which gives the position of equilibrium, which is unstable 
because equation (1) shews that » is then a maximum. 

24. A hollow paraboloid is placed with its vertex down- 
wards and axis vertical ; a given rod rests within it, leaning 
against a pin at the focus, and having its lower end upon 
the parabolic snrfnce. Find the position of equilibrium. 
(fig. lOO- 

Let PQ be the rod, G its centre of gravity, S the 
focus of the paraboloid, AS its axis, BAC a section of it 
by a VLTticnl plane passing through the rod; a = AS, h = PG, 
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r^PS^ d'=JSP; through S draw LS horizontal, and draw 

MG vertical ; let ^ = MG. Then by the nature of the 

parabola 

2a . ^ 2a 

r = ;: , whence cos 8 = 1 . 

1 - cos d r 

Also ~z= GM^SGcos9 

= (r — 6) cos 6 



= (r-6)(.-^^) 



, 2ab 

= r — 2a — 6 + ; 

r 



2ab 
,\ a,2?= 1 — 



1 



r 



and dJ^z=^—T- (!)• 

In the position of equilibrium d^z = 0, and therefore 

r = \/2ah; 

from which the position of the rod is known. Equation 
(1) shews that the altitude of G is then a maximum; and 
therefore the position is one of unstable equilibrium. 

25. A paraboloid^ formed by the revolution of a given 
parabolic area about its axis^ is placed with its convex surface 
upon a horizontal plane ; to find the position in which it will 
rest. (fig. 102). 

Let ^C be the axis of the parabola, inclined at an z 
to the horizontal plane : P the point on which it rests ; draw 
PN vertical : then since there is equilibrium the centre of 
gravity must be in the line PN (Art. 128), but it is also 
in AC^ the axis of the parabola, consequently it is at N. 
Draw PM perpendicular to AC\ let a = AC^ b ^ BC ; then 

the latus rectum = — , 

a 
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6? 

and .'• NM — — ; 

A MPm — .cot0; 
2a 

. AM m^—^m — .cot*^; 

4a 



© 



•. AN^JM^MN 

♦a ^ 

But lH»causo iV is the centre of gravity, AN^-a. 

(Kx. A. |>agt* 97) ; 

< 6' 
,\ -« - — (cot* (> + «); 
V** 4a 



frtmi wluoli tho jH^sition is known. 



i\»R. *rho K\Hst value of cin ^ is when (^ = — : hence when 

IS = or < ^, 

<vr* when a is « or < * 



the s*.4{d e:iu iHilv ix^st iu ^x^uilibrium with its axis vertical. 

^. 7'«t.» W«rrv rr^is AC OB ixnnected by « hin^ at C 
re^ t^n r«t.i smooch poinrs O, t\ si:rufzred in a horisontal 

tine, ind *he vo^irion .'^* c'«;?tiJio'*J^*w. ttio;. lOJi). 

l.c'C Cr, ^'^ b«: th^e ct^turv^ ot jjrtivicv ; and W*, IT' the 
wiei^hts of the rods Jt\ Kc ; /if* K the reaeuoos of the 
ixnnts D. F which w:ll be a: n^^ht iit^;jles to the rods* because 



I 



l»l 



points on which ihej rest are smooth. Join DE, i 
let 0, (p denote the angles CDE, CED; and put CG •= a, 
Cg = a', DE = b. The rod AC is kept in equilibrium by 
three forces, viz. its own weight at G, the reaction R at 
D, and the tension of the hinge C; to avoid the last, (the 
nriagnitude and direction of which are unknown, and are not 
required,) let us take the moments of these forces about C ; 



.-. R.DC -W.acase = 0. 

jeeding in a similar manner \ 



-0)- 



R'.EC- IF. a' cos 

Again, when the equilibriu 
suppose the hinge C lo become 
the rigid body ACB is kept i 
viz. R, R', W and W. He 
and horizontally, we find 



-w- 



1 is once established, we may 1 
rigid; under this hypothesis I 
1 equilibrium by four forces,; 
ce resolving them vertically^ 



i 



Reos9 + R'cf 
and Rs 



■ W- W=0.. 



..(3), 



0- R'sm^ = 

These four are all the independent equations which i 
be derived from the mechanical properties of the machine fj 
there are however two others, which express its geometricAlJ 
properties, derived from the triangle DCE, viz. 



(5) 



..DC- 



(8 + If) 
From (1) and (S) we find 



and EC 



and from (2) and (6) 



A sin 



^ a COB sin U 



sin (9 + 0) ' 



..(6)., 



ich being substituted in (3) and (4) givi 



ir+ W'= sin(0 + ^) I 



which two equations are sufficient for the determination of 
and ^. 

Cob. If the rods are equal in all respects, these two 
equations become 

_-«n(e + ^)(— ^^) (7). 

and at 8in*9 cos — sin*^ cos ^ ; 
the last of which gives 

tf - (^, 

or 1 »co6F0H^cos0cos^ H- cos*^ (A). 

Let us consider these two results separately, and 

(1) When -* ^, equation (7) gives 

COS0 -i I — I , 

whence the positions of the rods are known. This position 
is symmetrical with regard to a vertical line through C 

(2) The equations {E) and (7) shew that and are 
interchangeable, and consequently there are, besides the sym- 
metrical position just found, two unsymmetrical positions of. 
equilibrium, similarly situated on each side of the first found 
position. They may be found by means of (7) and (jB). 

27* A solid of any form is placed with its convex 
surfa>ce upon a horizontal plane ; to find the position of 
equilibrium. 

Let % ^fijJD^ y) be the equation of the surface, referred 
to three rectangular axes in the body : and let xyx be the 
co-ordinates of the point in contact with the horizontal plane, 
and xyz those of the centre of gravity referred to the ^same 
axes. Then the plane on which the body stands being a 
tangent plane, if a /3 7 be the inclinations of the co-ordinate 
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TT *7r TT 

axes to the horizon, a, /3, y will be the incli- 

2 2 2 ^ 

nations of the vertical through the point of contact to the 

co-ordinates axes ; this vertical line is a normal, and therefore 



sin a = 



sin 



- d,« 




v/i + (d.*y+ 


(dy«)' 


-rfj,« 




>/i + (d.«)*+ 


(d,*r 


I 





\ 



0)- 



v/l + (d.«)»+(d„«)» 



But since the solid rests upon a point, the vertical through 
that point must pass through the centre of gravity of the 
solid, i. e. the normal at the point of contact passes through 
the centre of gravity of the solid; hence the equations of 
the normal give 



(2). 



= y - y + ^y» • (« - 5) 

These two equations, together with the equation 

will enable us to find <v, y, x^ and thence a, /3, 7 from ^1). 

Ex. Siippoae the solid to he the eighth part of an ellvp^ 
sold comprehended between three of its principal planes. 

Let its equation be 



a'z 



.\ d,» « - -— , and dyZ = - — - 
trof ^ cry 



Also from Ex. l. Art. 174, we have 



_ 3 



- 8 



- 3 



« = g^^ J^^g^^ *"i^' 
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hence making substitution in equations (2) we obtain 

a' b' c^ 

these two equations joined with the equation of the surface 
of the ellipsoid give 



\/s y/s ys 

a h 

.*. dgX = , and d^x = . 

c ^ c 



Consequently 



• 

Gin 


a = 




a 




mil 


v/a^ 


+ A^ + 


9 

cr 


• 

ci n 


/8 = 




b 




Sin 


v/«' 


+ fe' + 


-y 


sin 


*%/ = 




c 


^ • 



28. To determine the nature of the equilibrium when 
a body of given form rests upon a given curve surface. 

At the point of contact of the given body with the surface 
on which it rests in equilibrium, the two surfaces will have 
a common normal, i^hich will be vertical and pass through 
the centre of gravity of the body. Let DAd (fig. 104) be 
this normal, A being the point of contact of the two sur- 
faces BC^ he; and Z), d being the centres of curvature of 
the arcs jBC, be corresponding to the point A ; and let G 
be the centre of gravity of the b(xly. Let now the body 
be made to roll over a very small arc AP^ and thereby to 
come into the position b'c; a, G\ d being the new positions 
of A^ G^ d ; and P being the new point of contact. By this 
moveniont the point a will trace out a small portion of an 
epicycloid, which at the verv beginning of the motion is 
perpendicular to the surface at A ; hence a begins to move 
along the line Ad. We suppose the displacement of the body 
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SO small that a is in Ad, Draw Pp vertical. If Pp .pass 
through G' the body is still in equilibrium ; but if G* lie 
to the right of Pp (as in the figure,) the body when left 
to itself will roll back into its original position ; and lastly, 
if G' lie to the left of Pjt>, the body will roll farther from 
its first position. Hence the first position is one of stable^ 
unstable^ or neuter equilibrium according as 

a/> is > < or = aG\ 

To express this result analytically, let p^ p be the radii 
of curvature DA^ dA. 

Then because the lines Pp, Da (for a is in the line Dd) 
are parallel ; 

Dd ad P + P P 
/, c= — or - — = ~ • 

DP ap p ap^ 

HP 



ap = 



P-^P 



Hence the equilibrium is stable, unstable^ or neuter ac- 
cording as 



pp . . _, 

-^ — 7 IS >< or = AG. 



P-^ P 



CoR. 1. If the surface on which the body rests be con- 
cave, we must account p negative in the above result. 

CoR,. 2. If the surface be a plane, we must make p infi- 
nite, and then since 

P^P ,^P_ 

P 

in that case, the equilibrium will be stable, unstable, or neuter 
according as 

/o' is >< or = AG, 

CoR. S. If the lower surface of the body be a plane, we 
must make p' infinite, and then the result is 

p is >< or = AG. 
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d.t 

• — 'm; 

ft 

when = 0, ^=P, and when = a, f = Q ; wherefore 

logeQ-logeJ^ = Ma; 

Thia result is independent of the form of the curve. 

31. J uniform heavy chain is laid upon a smooth arc 
of a quadrant of a circle^ and coincides with it; one of 
the botmding radii of the quadrant being horizontal^ and 
the other vertical. Find the force necessary to prevent the 
chain from sliding down the arc : and compare the pressure 
upon the curve with the weight of the chain, (fig. 106). 

Let F be the force which, acting horizontally at B, 
just prevents the chain from sliding down the quadrant. 
Let Py Q be two points very near to each other ; a = AO, 
e = AOP, Se = POQ, / and / + St the tensions of the chain 
at P and Q ; p = the pressure upon the arc APy and Sp 
= that upon PQ ; p = the weight of a piece of the chain 
of the length 1. Then the elementary portion of chain 
PQ is kept in equilibrium by the tensions t^ t 4- St, its own 
weight paSOj and the reactions of the curve PQ; to avoid 
the latter, take the moments of these forces about the 
point O; 

.*. = (t -^ St) a — ta — paSO » a cos ; 

.'. d^t = pa cos 9; 

.'. t = pa sin 9 -^ C. 

But at ^, # = 0, = 0, and .-. C = ; 

.-. t = pa sin 0. 

And at B, t = F and 9 = -; 

2 
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.•. F = oa 



= the weight of a piece of the ehainv the length 
of which is equal to the radius. 

Again, to find the pressure upon the quadrant. 

The pressure of the elementary portion PQ is due to 
two causes, viz. its own weight, and the tension / and t + ^t. 
Tlie former part =joaS0 sin 0, and the latter part =tSdy 
by Prob. 29; 

.-. d^p = pa sin 9 + pa sin 9 ; 

.-. p = - 2 pa cos 9 •\' C. 

At A, =■ and p = ; .-. C « 2pa ; 

.'. p = 2pa(^ -cosfl), 

TT 

and at iS, s — and p = the whole pressure on the quadrant, 

s 2 pa. 

press, on quad. 2 pa 4 
weight of chain tt tt 

32. Supposing the quadrant to be roughs to find the 
least value of F which can prevent the chain from sliding 
off; having given the coefficient of friction (= /ia). 

In this case the chain is on the point of moving towards 
the point Aj consequently friction acts up the quadrant. 

The forces which keep PQ in equilibrium are t^ t -^ St, 
/nSp, pah9, and the normal reactions; to avoid the last, take 
the moments of the forces about the point O; 

.-. = {t '\- ht) a — ta '\' jUiSpa — paS9 . a cos 9 ; 
.'. d^t -k- fjid^p =i pa cos 9 (l). 
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AUo as before 

•*. d^p ■> pa sinO + t. 

Hence substituting this yalue of d^p in (l), 
d^t ^- ^(pasind -^t)- pa cos 9; 
.'. d^i -¥ fit ^ pa (cos - M sin 0). 

Multiplying this equation by e^^ and integrating, we find 
, « 2mcos^-»- (I -M^)sin0 ^ ^ 

Now when $^0y #»0; 

.\ « . i>«r -h C. 

I -km'* '^ 

And when fc^ « - , ^ = Z'; 






. F = 



1 -^' 


1 + a 


ft n 




t . ..^ -i^" 



CoK. If the pressure be required^ it may be tbund by 
integratinjj: equation ( I) ; 

no constant being added, because tn p^ t^ vanish together ; 

.-. /# = — . 5in e^ — . 
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TT 

Hence when d s — , we have the pressure on the quad- 



rant 



2 
pa F 

.2 



pa I ^ ur pa 2pa -^ 
= — -:; -a-^— + — ^-^ ^ 

JUL I + fiT /UL 1 + M 



2pa .^ 

1 + M 
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fm Tfiit (;r)M I'OHiTiON of two forces acting ox 



1, HiUdit, two forces which are in equilibrium must neces. 
mrily be equal and opposite, two forces jF, and F^^ which 
(Ut not tuti in opposite directions, must necessanly have a 
n^nultiint, tlie ponition of wliich we shall proceed to detenuine. 

(1) 7'Ad renultant of two forces F, and F, acting on a 
pfdnf Pf U Muated in the plane FjPFg. 

For if it l)e not in that plane, it must be either above or 
below. Hut it cannot be above; for, any reason which would 
MMMJgn it Much a position might be used to assign it a similar 
poHition below ; for these two positions are similarly situated 
with regard to the foree» F, and F^x there would consequently 
\h' two rehiillHnlM, which is impossible. The resultant then 
riinnot be HJinated above the plane of the forces ; and in a 
hiniilar way wu ujay shew that it cannot be situated below, 
and therefore it must be in the plane. 

(2) // Uea within the angle F,PF^. 

For the tendency of F, is to draw the particle P in the 
direction i^F,, while that of F^ is to draw it in the direction 
PFv% and hence it is probable the real motion, which is the 
result of these united tendencies, will not be in the direction 
of either, but intermediate to both ; and therefore within the 
angle FyPF^ : consequently the resultant, which is a single 
force that would produce the same motion, must be situated 
within the angle F^PF^. 

What is here stated with regard to this 2nd Case, can 
hardly be called a proof, but is rather a strong reason for 
presuming that the resultant is situated within the angle 



fcluded by the forces. Perhaps, after what is said in the 
; Case, it may be regarded as an axiom. 

Since F, and fj, do in part hinder each other from 
roducing their whole effects, it appears that their resultant 
mst be less than their sum; for their resultant can only be 
qual to their sum when neither interferes with the other, 
Hiich is not the case unless they act in the same direction; 
tonsequently 



3. If the fori-es F, and F^ tire equal, their resultant R 
)piU biaect the angle F,PF,. 

For if there bo a reason why PR should lie nearer to PF, 

m to PF,,, (here must be a similar reason why it should 

^e nearer to PF, than to PF,, since the forces are equal; 

ind hence there would be two resultants, which is impossible: 

lonsequently PR bisects the angle F,PF^. 

i. Having thus determined the direction of the Resultant 
f two equal forces, we proceed tojind its magnitude. 

Let F„ f, (fig. 107) be two equal forces acting on the 
larticle P, and R their resultant bisecting the angle F,Pf,~ 
~ ' ■• less than the sum of the two forces F, and /, 



R 



it in clea 


t thn 


F..f, 


J: anrf. 




quently. 



IT its equal — ~, is always less than 

angle 9 may be found such that 



or R = ZF, cos e. 

The anfjle Q is unknown at present, but from Art. IJt, we 

learn that so long as the angle F,Pf, remains the same, 6 

■ continues unchanged ; that is, if we have two sets of forces 

joclined at the same angle with each other respectively, we 

shall have R = 2F^ cos 0, and R'= 2 F^ cos e, and therefore 

R : R' :: F, : -F/ (A), 

that is, the resultants are proportional to the components. 



SOS 



Let now Fi, /, he two other equal forces acting on P, 
whose resultant is also equal to Jt, the angles F,PFi, fjPfa 
being each equal to RPF, or RPfx- Now at P apply four 
forces, each equal to w, two of them respectively in the direc- 
tions PF.,, Pfs, and the other two in the direction PR; and 
let them be of such magnitude, that Fj maj be the resultant 
of the one in the direction PF,, and one in the direction 
PR. Then, since these two contain the same angle as Fi 
and /„ and Fj is their resultant, 



Also, if we substitute instead of F, and /,, their com- 
ponents, we may consider R as the resultant of the forces 
X, at, X, and .v\ of which two act in the same direction as 
B; and, consequently, R-2a! is the resultant of the two 
X, ,T, which act in the directions PF^, Pf^; and since, by 
hypothesis, R is the resultant of F^ and f^, which act in 



the 



? directioi 



.-. R : R-^n: :: F^ : x, from (A); 
R R 

But R = %F,cns9 = '2 .SiVC0s9 .cos9 = ixcoa'd 



= a(2cos*0- I) 

= 3cosgd; 

-■. ff-2/'sCOS30, 

It appears then, that in the formula 

ff =2F,cos0, 

if we double the angle at which the forces are inclined, we 
must also double 6. 

We will now suppose, that when the angle at which 
the forces act is a multiple n, or any inferior multiple, of 



P/i, it is true that in the same formula the 
limtiltiple of (J is to be taken; so that 



R = SF„o 



I COB (n 



oe- 



or responding 



9/', COS0 



Apply (fig. 108) at P, as before, four forces in the di- 
ctions PF,.,, PF,.,, Pf,+i, and iy._, respectively, each 
[ such a magnitude at, that F, may be the resultant of 
e two in the directions PF^^,,, PF,_i, and/, of the other 



But if, instead of the forces F„, /„, we substitute their 

components, we may consider R as the resultant of the 

s ,v, X, X, and ,c, of which two acting in the directions 

-M P/,-1 ""!' have 2xcos{n-\)9 for their resultant 

the direction PR, and consequently fl — 9a>cos (n — 1)0 

resultant of the other two which act in the same 

jp'ectioDB as /",+ , and /,+i ; consequently, from (A), 

R : fi-gj?cos(n - 1)0 :: F.^x : a;; 



- Scos(n - 1)9 



= — - 2 cos 9 



nOsiane. 



But fl =2f cosm9 = 4,ccose 



R 



- Scos^cosnd - 2 sin 9 sin n0 



= 2(cos0cos»i6 — sin 9 sin «0) 

= 2 cos (m + 1 ) ; 

H = 2F.+,cos(« + 1)0. 

Hence the formula is true for a multiple (« + l) if it be 
true for n and all inferior multiples: but it has been shewn 
to be true for 2 and I, and consequently it is true for mul- 
tiples 3, 4, 5, 6, ... and generally, by induction, for any 
multiple whatever. 



r the ;/■.+, PF„, = ; 



iP/n (fie. ii>7i. 



It «p pew» tbea* tint a* we mcreate the angle at winch 
two eqMtl forces (F, /) act* we must increase the angle S 
tB the Mine jiroportioa, and then, that the formula 



M^iFc, 



•M.M^ 



■tin bddc good. Tbia, hmmer, supposes ihe ^glfe'lSel 
the fiwcM to be- a mol^ile of FiPft (flg. 107), which 
not happen to be the case; but by taking the original angle 
S,Pf, exceedingl; smal], we may find a multiple of it which 
shall differ from FPf a fHi^aed angle hy lesa than an; 
anign^de quantitf. It u evident then, that FPf and 9 
have an iDTariablB ratio to eadi other, so that if FPfm s^ 
then 

* 

— a constant quantity = « sappooe^ 

9 

.-. B^iFeame^ 

To det^mine the Talae of c, we observe that ft F 
«Dd / act at an angle r, or are opposite to each odwr, 

/in which case ^ - — ) they *>«« no 



Now none but angles which are odd multiples of — 
have their cosines = 0; 

.-. fl - an odd integer = I, as we shall shew. 

For if « is not = 1, let the angle FPf be such that 
di = — , which is therefore less than a right angle, and then 



B = sFa 



c(p = 2/" cos- »t 0. 



Bui since the angle FPf is, in this case, =-, and 

Iberefore less than it, the resultant cannot be =0, which 
1 absurd, and consequently c = 1, We arrive therefore at 
iie general result, that if F, f be two equal forces acting 
, a particle, and inclined to each other at the angle 2^, 
[heir resultant R is inclined to each of them at the angle 
B, and its magnitude is determined by the equation 

ff = 2Fcos^. 

It will be immediately obvious that, since the forces 

and / are perfectly equal and similarly situated with 

;spect to PR, ihey contribute equally to the resultant R., 

ted, consequently, the efficiency of each in the direction 

^S is equal to ^R, nr Fcos^p. 

To determine the magnitude and direction of the 
'uUant of any two forces anting on a particle. 

Let F, f (fig. 109) be the two forces acting on the 
irticle F; R their resultant, perpendicular to which draw 
LPM; let a, ^ denote the angles FPR, fPR respectively, 
md <p the angle FPf between the forces. Then the effi- 
ciencies of F and /, in the direction PR, are respectively 
K^cosa, /cos)3, the sum of which must be equal to R, 
jsince the efficiency of R is equivalent to the united efficien- 
[ries of F and / in any proposed direction, because R is 
■their resultant; 



R = Fc, 



+ /C08/J.. 



..(1). 



Now the efficiency of R in the direction PL perpen- 
Paicular to itself = fi cos 90" = ; and the efficiency of F in 
the direction PL =FcosFPL, and that of/ in the same 
direction =fcosfPL ; 

.-. 0=Fco9.FPL+fai^fPL, 

or = fcos(^-a)^/cos(j+/3), 



..(2). 
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and by squaring equations (l) and (2), we have 

R^ = JPcos^a + 2/yeo8a cos)3 +/*cos*/3, 

= JP sin^a - 2F/8in a sin /3 +/* sin*i3 ; 

and adding these together, 

S^^F^ + 2 Ff (cos a cos /3 - sin a sin /3) +/^. 

But because s a + /3 ; 
.'. cos ^ « cos a cos /3 - sin a sin /3 ; and, consequently, 

JS* = F^ + 2 F/cos +/*. 

This equation shews that the diagonal of a parallelogram 
represents the magnitude of the resultant of two forces, which 
are themselves represented in magnitude and direction by the 
sides : and equation (2) shews that the same diagonal also re- 
presents the direction of the resultant. 



MISCELLANEOUS EXAMPLES. 



1. Two given weights are suspended from the arms 
of a bent lever, the arms of which are given, and include a 
given angle; find the position of equilibrium. 

3. A weight is suspended from one extremity of a string 
which passes over two fixed pulleys and through a ring at 
its other extremity; find the position of equilibrium. 

3. The upper end of a given rod rests against a smooth 
vertical plane, and the lower end is suspended by a given 
string fastened to a point in the plane; find the position 
of equilibrium. 



4. A given beam rests with its lower end on a smooth 
horizontal plane, arid its upper end on a given inclined plane ; 
find the force which must act at the foot of the beam to 
prevent sliding. 

5. Two weights support each other on two given inclined 
planes which have a common vertex, by means of a string 
passing over the vertex ; find the proportion of the weights. 

6. A solid composed of a cone and a hemisphere of equal 
bases, placed base to base, rests with the convex surface of 
the hemisphere upon a horizontal plane, and the axis of the 
cone in an inclined position; compare the dimensions of the 
cone and hemisphere. 

7- A given sphere rests between two given inclined 
l^anes, find the pressure upon each. 

A given uniform rod passing freely through an orifice 
I a vertical plane rests in equilibrium with one end upon a 
k^ven inclined plane ; "find its position. 
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9. Two given heavy particles being connected by an 
inflexible rod of given length are placed within a hemispherical 
bowl ; find the position of equilibrium, and the compressiDg 
force upon the rod. 

10. Three equal rods, loosely connected together by 
one extremity of each, have their other extremities placed 
upon a rough horizontal plane at the angular points of a 
given equilateral triangle. A smooth heavy ring is then placed 
on the rods; find the coe^cient of friction between the rods 
and the plane that the machine may just be on the point 
of falling. 

11. A beam of given length and weight is placed with 
one end on a vertical, and the other on a horizontal plane; 
find the force necessary to keep it at rest, and the pressures on 
the two planes. 

12. Determine the conditions of equilibrium of a material 
point situated in a canal of indefinitely small dimensions and 
acted upon by any number of forces. 

13. If the sides of a triangle ABC be bisected in the 
points Z>, -E, F; then the centre of the circle inscribed in 
the triangle DEF is the centre of gravity of the perimeter of 
the triangle ABC. 

14. A and B are two given points in a horizontal line, 
to which are fastened two strings of given lengths; the string 
BC passes through a ring at C, and is fastened to a 
given weight TF; find the position in 'which the weight 
will rest. 

15. Determine the position of equilibrium of a uniform 
rod, one end of which rests against a plane perpendicular to 
the horizon, and the other on the interior surface of a given 
hemisphere. 

.16. Determine the point in the curve surface on which a 
semi- paraboloid will rest on a horizontal plane. 
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17* A circular hoop is supported in a horizontal position, 
and three weights of 4, 5, and 6 pounds respectively are sus- 
pended over its circumference by three strings meeting in the 
centre ; what must be their positions so that they may sustain 

one another? 

« 

18. A heavy beam leans against an upright prop; th^ 
lower end of the beam rests upon the horizontal plane and 
is prevented from sliding by a string tied to the bottom of 
the prop; required the tension of this string. 

19. A given heavy elastic ring is passed over the vertex 
of a smooth vertical cone, and descends by its own weight ; 
required the position of equilibrium. 

20. A particle is placed on the surface of an ellipsoid, 
and is attracted towards the principle planes by forces which 
are respectively proportional to its distance from them; find 
the conditions of equilibrium. 

21. An uniform elastic string being of such a length 
that when it hangs vertically, if an equal quantity were ap- 
pended to the lowest point it would stretch it to twice that 
length ; what weight must be appended at the middle point 
that the increase of length may be three quarters of the 
original ? 

22. A chain of uniform density is suspended at its extre- 
mities by means of two tacks in the same horizontal line at a 
given distance from each other ; find the length of the chain so 
that the stress upon either tack may be equal to the chain**s 
weight. 

23. The resultant and sum of two forces are given, and 
also the angle which one of them makes with the resultant ; 
it is required to determine the forces and the angle at which 
they act. 

24. A chain suspended at its extremities from two tacks 
in the same horizontal line forms itself into a cycloid ; prove 
that the density at any point cc sec^ (^^)> ^^^ ^^^ weight of 
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the corresponding arc oc tan (^d), being the arc of the geoe> 
rating circle measured from the vertex. 

25. When any number of forces act on a body, shew 
that the plane on which the sum of the projections of die 
moments is a maximum, is perpendicular to the planes iKdi 
respect to which this sum is 0. 

26. A cone and sphere of given weights support eack 
other between two given jnclined planes, the cone les&Df 
on its base ; determine what must be the vertical angle of 
the cone, that the equilibrium may subsist. 

27. If a chain acted on by gravity hang in the form 

of the curve whose equation is sec — = e« , shew that at every 

a 

point the density or thickness is proportional to the tension. 

28. A weight W is suspended from a point P of an 
uniform catenary APA', O and (/ are the lowest points d 
two uniform catenaries, of which AP and A'P are parts. 
Shew that W is equal to the difference or sum of the weights 
of the portions OP, O'P of the catenaries, according as AP 
and A'P are one or both less than a semi-catenary. 

29. A given weight is placed upon a rough horizontal 
plane ; required the magnitude and direction of the least force 
which will be able to move it. 

30. Prove the equality of the power and weight in 
RobervaFs balance by couples; and find the strains upon the 
joints and pins. 

31. A particle is placed on the arc of a given parabola, 
and is acted on by gravity parallel to the axis and a force 
perpendicular to it which is proportional to the distance of 
the particle from the axis ; find the position of equilibrium. 

32. A solid generated by the revolution of a quadrant 
of an ellipse about its major axis, is placed upon a horizontal 



plane, with its axis in an oblique position ; determine the 
position of equilibrium. 

33. Find the form of a uniform chain suspended from 
any two points on the surface of an upright cone, and resting 
on the curve surface. Find the tension when it becomes a 
horizontal circle, 

34. If three parallel forces acting at the angular points 
A, B, C of a plane triangle arc respectively proportional 
to the opposite sides a, 6, c ; prove that the distance of the 
centre of parallel forces from A 



35. If a hemisphere and paraboloid of equal bases and 
similar materials have their bases cemented together, the whole 
solid will rest on a horizontal plane on any point of the 

spherical surface if the altitude of the paraboloid = a \/ - , 

a being the radius of the hemisphere. 

36. A given cylinder with its axis horizontal is held at 
rest on a given rough inclined plane by a string coiled round 
its middle and then fastened to the top of the plane ; find the 
position of equilibrium. 

37. Assuming that if Sp, S(f, ^r be the virtual velocities 
of three forces P, Q, Jt which keep a point at rest, 

in whatever direction the virtual motion of the point takes 
place; prove that the forces are proportional to the sides of 
a triangle drawn in their directions. 

38. A cylinder is laid upon two equal cylinders all in 
a parallel position, and the lower ones resting in contact with 
each other upon a rough horizontal plane ; find the relation 
between the coefficients of friction between the cylinders, and 
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the coefBcient of friction between a cylinder and the plane, 
that all the points of contact may begin to slip at the same 
instant. 

39. A ladder rests with its foot on a horizontal plane, 
and its upper extremity against a vertical wall ; having given 
its length, the place of its centre of gravity, and the ratios of 
the friction to the pressure both on the plane and on the wall; 
find its position when in a state bordering upon motion. 

40. Three uniform beams AB^ BCy CD, of the same 
thickness, and of lengths /, 2Z, / respectively, are connected by 
hinges at B and C, and rest on a perfectly smooth sphere, the 
radius of which =2/, so that the middle point of BCy and' the 
extremities of A^ D are in contact with the sphere ; shew that 

91 
the pressure at the middle point of BC = — of the weight of 

the beams. 

• 

41. A uniform catenary of given length is suspended 
from t\YO given points at the same height, and is nearly hori- 
zontal; in consequence of an expansion of its materials the 
vertex of the catenary is observed to have descended through 
a small given altitude; find the increase of the length of 
the catenary, supposing its expansion to have been uniform 
throughout. 

42. An ellipsoid rests on a horizontal plane on the extre- 
mity of its mean axis ; shew how to estimate the stability with 
regard to a slight displacement in any direction. Define the 
direction which distinguishes between stable and unstable equi- 
librium. 

43. The centre of gravity of three weights a , {w — a)\ 
h . (w — /3)^, c , (w - yYf whatever be the value of w, will 
be situated in a line of the second order to which the lines 
joining the centres of gravity of the weights are tangents. 

44. If A, B^ C represent the moments of a force round 
each of three rectangular axes which meet in a point, and 
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I /3, •/ ^^ t'^^ angles which a straight line through the point 
f intersection makes with each axis, the moment of the force 
bund this line is A cos a + B cos (i + C cos y. 

46, If a lever, kept at rest by weights P, Q, suspended 
Eom its arms a, b, so that they make angles a, /3, with the 
torizon, be turned about its fulcrum through an angle sB, 
hprove that the vertical spaces described by P and Q, are 
I one another as a cos (a + 0) : b cos {(i — 6) ; and thence 
iduce the equation of virtual velocities. 

46. If S and D represent respectively the semi-sum and 
mi-difference of the greatest and least angles, which the direc- 

bion of a power supporting a weight on a rough inclined plane 
|nay make with the plane, and (p be the least elevation of the 
3 when a body would slide down it; prove that the cosine 
i)f the angle, at which the same power being inclined to a 

jsmooth plane of the same elevation would support the same 
^eight, 

cos 5 

= --. cos(D + (b). 

cos^ 

47. A roof ACB, consisting of beams which form an 
;eles triangle with its base AB horizontal, supports a given 

weight at C; find the horizontal force at A. Why must a 
Rpointed arch carry a heavy weight at its vertex ? 

Three forces act on a point in directions respectively 
^pendicular to three rectangular co-ordinate planes, and eacli 
tvarying as the co-ordinate to which it is parallel; shew that 
I there are two planes, in either of which if the point be situated 
I the resolved part of the whole force, which is parallel to the 
[ plane, tends to the origin and varies as the distance of the 
I point from it. 

A given uniform rod is placed within a given rough 
1 liemi spherical bowl ; find the limiting positions of equilibrium. 

If a right-angled triangle be supported in a hori- 
\ zontal position by vertical threads fastened to its angular 
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jwints, each of which can just bear an additional tension of 
lib.; determine within what portion of the area a weight 
less than 3\bs. may be placed without destroying the equi- 
librium. 

51. Find the magnitude of the horizontal strain which 
a door exerts on its hinges; shew that the vertical strain on 
each hinge is indeterminate. 

52. Three equal spheres are placed in contact upon a 
rough horizontal plane. If another equal sphere, placed upoik 
them, just causes them to separate, what is the coefficient of 

friction ? 

53. A beam, having one end on a vertical, and the other 
on a horizontal plane, is kept at rest by a string connecting 
its centre of gravity with the intersection of the planes. Find 
the tension of the string; and explain the result when the 
beam is uniform. 

54. A cycloid is placed with its axis vertical: a weight 
is supported upon its arc by an elastic string, the natural 
length of which is given, and one end of which is fasteued to 
the top of the cycloid ; tind the position of equilibrium. 

55. A string passing underneath a heavy pulley has its 
ends fastened to two points in a horizontal plane, the distance 
between the points being equal to the diameter of the pulley. 
Suppose the string to become elastic, and the pulley to be 
rough, find how far the pulley will sink below its first posi< 
tion. 
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